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1. INTRODUCTION

Further on, we shall discuss some aspects of the mechanical systems’ motion subjected to non-holonomic constraints.

2. MATERIAL POINT’S DYNAMICS SUBJECTED TO NON-HOLONOMIC CONSTRAINTS

2.1. General aspects

An example of non-holonomic constraint for the material point is the case in figure 1 where the point 
[image: image558.wmf] describes the plane following curve of the point 
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, which has determined motion 
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Figure 1: The material point with a non-holonomic constraint.

If we denote by 
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the speed of the point 
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, one obtains the relations
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where
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and from here results the non-holonomic constraint given by the relation
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In the case of the motion of the material point 
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 on a curve in the three dimensional space, from the relations as (1), one obtains two non-holonomic constraints defined by the relations
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Generally, the non-holonomic constraints of the material point will be considered in the form
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where 
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 are functions of 
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2.2. The motion of the material point subjected to one non-holonomic constraint

A. General case

If the material point of mass 
[image: image23.wmf]m

 is acted by the force
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and it is subjected to the non-holonomic constraint
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where 
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 are the versors of the co-ordinates axes, and 
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, then the differential equations of the motion are
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 being a parameter that must be determined.

Deriving the relation (7) with respect to the time and using the notations:
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ones obtain the expression
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where from with the aid of the expressions (8), we deduce the function
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To utilize the fourth order Runge-Kutta method to integrate the moving equations, one uses the notations:
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and e or she obtains the first order system
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In a numerical application, if we consider 
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 and the non-holonomic constraint
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we obtain in order
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and system (8) becomes
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Considering the initial conditions which satisfy the relation (15)
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one obtains the solution
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B. The theorem of the kinetic energy and mechanical work

Multiplying the relations (8) by 
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, respectively, summing and keeping into account the expression of the elementary mechanical work,
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one deduces the expression
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which can be also written as
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where 
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 is the kinetic energy,
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Expression (22) defines the theorem of the kinetic energy and mechanical work for the case of one non-holonomic constraint. In the case when 
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where 
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 represents the potential, one deduces the expression of the mechanical energy conservation
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2.3. The motion of the material point subjected to two non-holonomic constraints

If the non-holonomic constraints are
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then ones obtain the differential equations system
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Utilizing now the notations:
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by derivation with respect to the time, one deduces the expressions:
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and hence, from (27), (30), with the aid of the relations:
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we deduce the expressions:
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To numerical integration of the differential equations (26) with the parameters 
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 given by relations (32), we make the notations (13) and results the first order system
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Analogously, for the theorem of the kinetic energy and mechanical work, one obtains the expression
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In a numerical application, if we consider the non-holonomic constraints
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we obtain in order the expressions:


[image: image114.wmf][

]

[

]

[

]

0

J

J

=

=

2

1

; 
[image: image115.wmf][

]

[

]

0

1

1

2

3

1

-

=

G

; 
[image: image116.wmf][

]

[

]

0

1

1

2

-

=

G

; 
[image: image117.wmf](

)

y

x

&

&

+

=

y

2

3

1

; 
[image: image118.wmf]y

x

&

&

-

=

y

2

; 
[image: image119.wmf]3

1

=

D

; 
[image: image120.wmf]2

2

=

D

; 
[image: image121.wmf]2

1

y

x

&

&

+

=

l

; 
[image: image122.wmf]2

2

y

x

&

&

-

=

l


(36)

and results, in the absence of the force 
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which, with the initial conditions that satisfy the relations (35):
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have the solution
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2.4. Determining the following curve

Let us consider the point 
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 of mass 
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, acted by the force 
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 (fig. 2), which moves such that its speed 
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Figure 2: The following curve.

It also follows
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and we obtain the system (33), where 
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If the force 
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From the equalities
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where
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we obtain the differential equations
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which can be numerical integrated with the initial conditions:
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In a numerical application, we consider
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and results the system (45) where
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The numerical integration leads to the set of values from the table 1.

Table 1: The results of the numerical integration.
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The graphic representations are given in the figures 3, 4 and 5.

From the figures mentioned above and from the table 1 we easily deduce the conclusions: the values of the co-ordinates 
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Figure 3: Variations 
[image: image198.wmf](

)

t

x

x

=

, 
[image: image199.wmf](

)

t

y

y

=

 and 
[image: image200.wmf](

)

t

z

z

=

 for 
[image: image201.wmf][

]

s

1

0

£

£

t

.


[image: image202.wmf]0

5

10

15

20

25

0

0.25

0.5

0.75

1

t [s]

x_d, y_d, z_d [m/s]

x

&

y

&

z

&


Figure 4: Variations 
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Figure 5: Variation 
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3. DYNAMICS OF THE RIGID BODY WITH NON-HOLONOMIC CONSTRAINTS

3.1. The case of one non-holonomic constraint

Let us consider the rigid in motion relative to the reference fix frame 
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The non-holonomic constraint of the rigid is defined by the relation
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where 
[image: image229.wmf]A

, 
[image: image230.wmf]B

, 
[image: image231.wmf]C

, 
[image: image232.wmf]D

, 
[image: image233.wmf]E

, 
[image: image234.wmf]F

, 
[image: image235.wmf]G

 are functions of 
[image: image236.wmf]X

, 
[image: image237.wmf]Y

, 
[image: image238.wmf]Z

, 
[image: image239.wmf]y

, 
[image: image240.wmf]q

, 
[image: image241.wmf]j

, 
[image: image242.wmf]t

.

The kinetic energy of the rigid body writes in the form
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where 
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 is the mass, 
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If the rigid is acted at 
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 by the force 
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where 
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. It is easy to prove the existence of the relations:
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and if we use the notations:
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we obtain from (52) and from Euler’s conditions, the equations of motion
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From the cinematic relations (51) one deduces the expressions:
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and the equations of the non-holonomic constraint, by using the relations
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becomes
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Deriving this relation and using the relation
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one obtains
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and keeping into account the equations (56), one deuces the expression
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To numerical integration, we pass to a first order system using the notations:
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and we obtain the system
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where 
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 calculates with relation (62), and the initial conditions are:


[image: image313.wmf]0

=

t

; 
[image: image314.wmf]0

1

X

X

=

; 
[image: image315.wmf]0

2

Y

X

=

; 
[image: image316.wmf]0

3

Z

X

=

; 
[image: image317.wmf]0

4

y

=

X

; 
[image: image318.wmf]0

5

q

=

X

; 
[image: image319.wmf]0

6

j

=

X

; 
[image: image320.wmf]0

7

X

V

X

=

; 
[image: image321.wmf]0

8

Y

V

X

=

;
[image: image322.wmf]0

9

Z

V

X

=

; 
[image: image323.wmf]0

10

x

X

w

=

; 
[image: image324.wmf]0

11

y

X

w

=

; 
[image: image325.wmf]0

12

z

X

w

=

.
(65)

Based on the calculus relations established above, we can describe the following algorithm for the values 
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One calculates in order:

– the functions 
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 with the relations from the set (64);

– the derivatives 
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– the derivatives 
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– the functions 
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 with the relations (61), (62);

– we integrate the system (64) considering the integration step 
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 of hundredth of second.

3.2. The case of more non-holonomic constraints

Considering the case when the rigid has 
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 non-holonomic constraints in the form
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using the notations
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one obtains the matrix equations system
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This system of equations, with the matrix notations
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transforms in the matrix equation
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Utilizing the notations like (58)
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the non-holonomic constraints (68) with the aid of relations (57) and the notation
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write in matrix form
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Deriving the relation (75) and using the notation
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one obtains the expression
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which, keeping into account the relation (72) becomes
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and from here we obtain the matrix 
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Further on, the solution is obtained from the system (72) with 
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3.3. The rolling of a wheel on plane

Let us consider a wheel of radius 
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 on a horizontal plane (fig. 6), the wheel being homogenous and rolling on this plane.
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Figure 6: The model of a wheel on a plane.

We select the fix frame 
[image: image395.wmf]OXYZ

 such that the plane 
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 coincides to the given plane and we select the mobile frame 
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 such that the axes 
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 being its center. We shall also consider the system 
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 with the axes parallel to those of the system 
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. It follows that the node axis 
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 and the wheel’s plane. In the figure we presented the Euler’s angles: 
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 - the proper rotation angle, and 
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 - the nutation angle.
The condition of the rolling without sliding for the wheel on the plane pretends that the speed for the point 
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 of contact between wheel and plane to be zero,
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where we have applied the general Euler relation for the points 
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 and 
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Due to the fact that the versor 
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On the other hand, the components 
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Denoting by 
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[image: image430.wmf]0

cos

sin

sin

cos

cos

=

y

j

+

q

y

q

-

q

y

y

+

&

&

&

&

R

R

R

X

c

; 
[image: image431.wmf]0

sin

sin

cos

cos

sin

=

y

j

+

q

y

q

+

q

y

y

+

&

&

&

&

R

R

R

Y

C

; 
[image: image432.wmf]0

cos

=

q

q

-

&

&

R

Z

C

.
(83)

The last relation (83) defines a holonomic constraint because it can be integrated leading to
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Therefore, the system has two non-holonomic constraints (the first and the second relation (83)) and a holonomic constraint in differential form (the third relation (83)) or integral form (expression (84)).

Let us consider that the wheel is acted only by its own weight 
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The position of the wheel is defined by the generalized co-ordinates 
[image: image435.wmf]C

X

, 
[image: image436.wmf]C

Y

, 
[image: image437.wmf]y

, 
[image: image438.wmf]q

, 
[image: image439.wmf]j

.

The kinetic energy reads
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the vector 
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 expressed in the system 
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 being given by
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In addition, 
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Results
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The potential energy writes
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The second order Lagrange’s equations, for the case of non-holonomic constraints:
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with 
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where 
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 are Lagrange’s multipliers. Ones obtain the expressions
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Replacing the last relation (91) in the third expression (91), we get
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Deriving the first two relations (83) with respect to time and replacing the results in the last, respectively the second relation (91), one obtains the other two Lagrange’s equations:
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Denoting now 
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, from Lagrange’s equations (92), (93) and (94) ones obtain the six non-linear first order differential equations system
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The equilibrium positions are determined equating to 
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where 
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where from 
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In fact, it can be observed that the theorems of the central manifold can not be applied (there not exists the matrix 
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and therefore 
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 has a local maximum at the equilibrium position.
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Let us consider the motion defined by
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i.e. an uniform rotation around a vertical axis that passes through the contact point between the wheel and plane.

System (99) becomes now
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Making now the evident approximations
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system (101) becomes
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Deriving the relation before the last relation (103) with respect to the time an keeping into account the last relation (103), one finds the expression
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or
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The motion is stable if
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