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ON THE FOLLOWING CURVE IN SPACE
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Abstract: In this paper we consider the general case of a particle with non-holonomic constraints. We obtain the moving equation system and we discuss its solving both for a conservative and non-conservative force. Finally we present a numerical application.
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1. INTRODUCTION
Let us consider a particle of mass 
[image: image111.wmf]acted by the force 
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. The speed of the particle is always directed to a point situated on a curve 
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 by know parametric equations 
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Our aim is to determine the curve 
[image: image11.wmf]1
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 (the curve described by the particle) and the law of its motion.
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Figure 1: The model of a particle with non-holonomic constraints.
2. ESTABLISHING THE LAGRANGE’S SECOND ORDER EQUATIONS

Let us consider that between the generalized co-ordinates of the system there exist 
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 non-holonomic constraints. These constraints can be written as:
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where 
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 are functions of 
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The relations (1) can also be written as:
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Due to the fact that the virtual displacements don’t depends on time, from (2) results
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On the other hand, basing on the virtual work principle, we have
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and, because
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from (4), interchanging the summing order, results
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Denoting
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and keeping into account the relations:
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one obtains the identity
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and the expression (6) becomes
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where the virtual displacements 
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 are no longer independents, because they also must fulfill the conditions (2).

Multiplying the relations (3) by parameters 
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, respectively, (the Lagrange’s multipliers) and summing these relations, by adding this sum to relation (10), results the expression
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or
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(12)

and, by interchanging the summing order at the second sum, we obtain
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According to the theory of the Lagrange’s multipliers, in the system obtained by adding the parameters 
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, the displacements 
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 become independents and thus by equating to zero the coefficients of these displacements, it follows:
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or
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obtaining thus the Lagrange’s equations in the case of non-holonomic constraints.

If there exist conservative forces, too, we call the potential 
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 of these forces and the generalized forces 
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 corresponding to the non-conservative forces, and the Lagrange’s equations for this case read:
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At these equations we add the non-holonomic constraints conditions (1) and we obtain a system of 
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 differential equations from which is possible to determine the unknowns 
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3. THE EQUATIONS FOR THE PARTICLE

For our problem we obtain the equations
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Multiplying the first relation (17) by 
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, the second relation (17) by 
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, and the third relation (17) by 
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, and summing the results, one obtains
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If 
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 is non-conservative, we apply the general theory described in the paragraph 2.

If 
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 is conservative, we obtain
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where 
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 is the function of force that generates the force 
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.

Relations (17) can be written in the equivalent form
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Using the notation
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from relation (20), result:
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4. APPLICATION

We consider a numerical application for which
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and results the system (22) with
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Numerical interation leads us to the following table.

Table 1: Results of the numerical integration.
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The graphics are rawn in figures 2, 3, and 4.

From the mentioned figures and from table 1, one easily deduces the conclusions: the co-ordinates 
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 is limited) that tends to zero, the other speeds have increasing values as is the modul of the speed 
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Figure 2: Variations 
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Figure 3: Variations 
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Figure 4: Variation 
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5. CONCLUSIONS

In our paper we present the general theory to obtain the second order Lagrange’s equations for the most general case of the non-holonomic constraints. We deduce the equations of motion for the particular case of a particle. Finally, a numerical application was presented and the characteristic diagrams were captured.
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