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1. INTRODUCTION

To describe the orientation of a fixed reference frame attached to a rigid body there are necessary and sufficient three independent parameters.

Two problems appear in such a situation. The first problem is linked to way of choosing these parameters. The second one is linked to the number of parameters. If in place of three parameters, we choose four or more, evidently not independents, how one must modify the moving equations.

In the first situation we shall present the Euler angles, and in the second one the Euler parameters and the Rodrigues parameters.

2. EULER ANGLES

Let us consider two reference systems 
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 fix, and 
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 mobile (fig.1), for which the initial positions coincide. First of all we shall make a rotation of angle 
[image: image4.wmf]j

 of the mobile frame about the axis 
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The rotational matrix writes
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and the transformation is
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where
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One thus obtains the system 
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We rotate the system 
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 about the axis 
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, named the line of nodes. One can write
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where
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Fig.1: Euler angles.

Finaly we shall make a rotation about the axis 
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 of angle 
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.

We obtain
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with
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In the end, we have:
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or, equivalently,
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in which
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We also have
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in which
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The vector of the infinitesimal rotation 
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 can be read as follows
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where 
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 are the unit vectors of the succesive rotation axes. We have
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It results the vector 
[image: image36.wmf]δθ

 in the fix reference system 
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,
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We shall define the angular speed vector 
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 as
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and we obtain
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and
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In conclusion,
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and with respect to the mobile reference frame, we have
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or
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with
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3. EULER PARAMETERS
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Fig.2: Finit rotations.

Let us consider the fix system 
[image: image53.wmf]OXYZ

, and the mobile system 
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 rotated by an angle 
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 about the axis 
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. In this way the point 
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 goes to the point 
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. Let us denote by 
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 the position vector of the point 
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 the position vector of the point 
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, both of them with respect to the fix reference frame 
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But, the vector 
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in which 
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 is perpendicular to the plan 
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It results
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The vector 
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 is perpendicular to 
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 and 
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and expression
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Equation (26) reads now
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On the other hand,
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in which
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Expression (33) becomes now
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or, equivalently,
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in which 
[image: image90.wmf]I

 is the unity matrix of order 3.

Denoting
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named the rotational Rodrigues matrix, we obtain
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We now define the Euler parameters as
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which are not independents, because
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where
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The Rodrigues matrix 
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 can be written in terms of the Euler parameters as follows
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or
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4. RODRIGUES PARAMETERS

We shall define the Rodrigues parameters as follows
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that is
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in which 
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 is not equal to 
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From the relation
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keeping into account that 
[image: image109.wmf]u

 is an unit vector and therefore
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it follows
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Analogously,
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and the Rodrugues matrix becomes
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or, equivalently,
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in which
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5. RELATIONSHIP BETWEEN THE EULER ANGLES AND THE EULER PARAMETERS

The Euler parameters can be written in terms of the Euler angles as
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The Euler angles read in terms of the Euler parameters as follows
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6. RELATIONSHIP BETWEEN THE EULER PARAMETERS AND THE RODRIGUES PARAMETERS

The Rodrigues parameters write in terms of the Euler parameters as
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Euler parameters are given in terms of the Rodrigues parameters as follows
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Derivating, we obtain
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or
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where
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Inversly, we have
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in which
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Writing the Rodrigues matrix as
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in which
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we obtain the expression of the angular speed 
[image: image140.wmf]ω

 in the mobile reference frame,
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where
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The angular speed 
[image: image144.wmf]ω

 reads in the fix reference system as follows
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where
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