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THE CLASSICAL MODEL OF TWO SOLIDS COLISSION

Pandrea Nicolae1
1 University of Pitesti, Pitesti, ROMANIA

Abstract: The paper is a  models study  synthesis for the solids collision with and without friction. In these sense it writes the general theorems in the local reference system which contains the tangent plane and the common normal at the contact point and it extracts the equation for describing the collision process.
Keywords: percussion, pluckerian co-ordinates, restitution coefficient, inertances. 

1. INTRODUCTION 

In the precedent papers [4], [5], [8] the general collision without friction of free solids it studied and the paper [10] it studied the general collision of two solids with constraints and it is shown that introducing the collision inertance notion the final relation for percussion, energy of the losses speed and kinetic energy loss are formal identically with those known from speciality literature for the centric collision of two balls. 

In the papers [8], [9] it studied the collision with friction and it is shown that by using the inertance notion the collision process is governed in fact by the non-linear differential equation system.

In the present paper it will analyse first the collision model with friction of two free solids and by particularisation will deduce the collision model without friction of two free solids. 

In the final part it will show some aspects regarding the collision without friction of two solids with constraints. 

2. THE COLLISION WITH FRICTION OF TWO SOLIDS BODIES
2.1. The spatial collision case

It considers two solids (fig.1) with the reference system 
[image: image211.wmf],  i=1,2 of the principal inertia axis and the point O is the collision point and Oxzy the local system in which the Ox axis is the boundaries common normal having the relative initial normal speed 
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 sense and the Oy axis is common tangent having the relative initial normal speed 
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The velocity speed before collision is defined by the kinematics torsors 
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, i=1,2, respective by the vectors 
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 projections column matrix,   i=1,2 in the reference systems axis 
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Figure 1

The inertia matrices of two solid bodies, relative to reference systems 
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, respective their inverses can be written as:
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If one notes 
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 the projection’s velocity 
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, i=1,2 on the axis Ox, Oy, Oz, for the point O which belong to solid body 1 respective 2 then the relative tangential velocity 
[image: image16.wmf]t

v

12

 at a given time, of the point O1 reported to  the point O2 is given by the expression:
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where 
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 are local axis versors Ox, Oy, Oz and it makes with axis Oy the angle ( (fig.2) defined by the relation:
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Denoting with P the normal percussion intensity (at a given time) one results that the tangential percussion 
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[image: image21.wmf] 

z

 

y

 

t

v

12

 

O

 

m

P

 

a

 


Figure 2
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where ( is a coefficient analogue  with that by the slip friction.


Denoting forward with 
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, i=1,2, j=1,2,3 the directors co-sinus of the axis Ox, Oy, Oz, relative to the systems 
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 i=1,2, j=1,2,3 the projection’s vectors 
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 it can be write the matrix:
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and then from the general theorems of collision one deduces the differential equations:
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It uses the form (8) to write the general theorems because the angle ( is variable.

Writing the relation (8) in the following way:
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and passing to reference system Oxyz with the aim of the position matrix,
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of the inertances  
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and the inertances matrix:
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it obtains the differential equation systems:
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where
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From the system (14) one deduces the system with relative speeds:
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where
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To the systems (14), (17) one adds the  relation (5) which can be written as: 
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The differential equation systems (14), (18) can be integrated numerically with initial condition:

	P=0; 
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Considering the integration step sufficiently small one obtains the normal and tangential relative speed (
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and for the angle ( depending by percussion P intensity. 
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	Figure 3


If we use the Newton model then the restitution coefficient it defines by relation:
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and from the figure 3.a one obtains the compression percussion 
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 and slackening percussion 
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which due to non-linear speed 
[image: image67.wmf]x
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variation   with  P, differs by the Newton restitution coefficient. 

2.2. The planar collision case

If the two solids are plates (fig.4) with motion in a plan perpendicularly by the axis 
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where

	
[image: image72.wmf]2

1

jk

jk

jk

g

g

g

+

=

; 
[image: image73.wmf]2

1

jk

jk

jk

h

h

h

+

=


	(25)



[image: image74.wmf] 

X

2

 

Y

2

 

C

2

 

C

1

 

X

1

 

Y

1

 

y

 

x

 

O

 

y

v

12

 

x

v

12

 


Figure 4

or
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By integration of elementary differential equations (24) one obtains the equations:
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In the case when the tangential relative speed 
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 doesn’t have the sign changing then for the Newton and Poisson models it obtains the same final results as:
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If the tangential relative speed is nullified on the percussion range then denoting with 
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and denoting with 
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taking into account that if 
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For:

	
[image: image101.wmf]12

11

0

12

~

g

g

v

P

P

x

m

+

=

>

*


	(35)


it obtains the diagrams from figure 5 and results for the Newton model the expressions:
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Figure 5
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and for the Poisson model the expressions:
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By analogy for:
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it obtains the representations from figure 6 and it results for the Newton model the expressions:
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Figure 6
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and for the Possoin model the expressions:
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In the case when 
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) which makes that tangential percussion to nullify that leads to equalizing with zero of the terms which contain -( in the relations (32), (33), (34).

3. THE FREE RIGID SOLIDS COLLISIONS  

Without friction ((=0), the first row of the relation (14) write as:
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where 
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In the relation (39) it can replace the index x with n (normal) and then by integration it obtains the relation:
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Taking into account by the restitution coefficient Newton (identical with Poisson’s in without friction case):
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it obtains for the final percussion:
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The relation (43) is identical with that it obtains at the centric collision of two balls.

Starting from the general theorems which lead to matrices solutions:
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where
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It deduces the equalities:
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The energy of the losses speed 
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and due to relation (46) and to equality:
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it results
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For the both of solids it obtain:
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The kinetic energy loss 
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and taking into account relation (49) also by the equality:
	
[image: image157.wmf]{

}

{

}

i

T

i

in

V

S

v

=


	(52)


it results:
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For the both solids body the expression for the kinetics energy losing it obtains:
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which is formal identical with that from the centric collision of two balls. 

4. THE SOLIDS  WITH CONSTRAINT COLLISION WITHOUT FRICTION 

4.1 The collision of solid with constraints
It considers that the body by mass m, couched in the co-ordinate system CXYZ of principal inertia axis having the principal inertia moments Jx, Jy, Jz is in collision in the point A by the percussion 
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 vectors and one denotes with {S} the column matrices of the  pluckerian co-ordinates:
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Denoting with 
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 i=1,2,…n the pluckerian coordinates matrices which define the constraints and denoting with Qi, i=1,2,…n the percussions amplitudes from constraints, with the help of the notations (1), (2), (3) the collision general theorems lead to matrix equation:
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Using the notations:
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the equation (56) becomes:
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The solid having n sample constraints, one results that have 6-n  degree of freedom and then the speed 
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where 
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Using the notations:
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the relation (59) becomes:
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It knows [14] that the velocity space is orthogonal to the constraint percussion space, so:
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and by multiplying with 
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from (63) one deduce the expression:
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which multiplying at the left with [D] becomes:
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If one multiplies with 
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one deduces the equality:
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Defining like “circling inertance”  the parameter g defines by the expression:
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one obtains the expression:
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which is formal identical with that from the centric collision of two balls. 

The energy of the losses speed defined by the relation (47) after successive transformation becomes:
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and analogically the kinetic energy loss is:
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4.2 The collision of two solids with constraints 

At the collision of two constraints solid body, with the help of the inertances:

	
[image: image189.wmf]{

}

[

]

[

]

[

]

{

}

i

T

i

ired

i

T

i

i

S

D

M

D

S

g

=

, 
[image: image190.wmf]2

 

,

1

=

i


	(74)


where:
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one obtains the relations:

	
[image: image192.wmf]1

0

1

1

Pg

v

v

n

n

-

=

-

; 
[image: image193.wmf]2

0

2

2

Pg

v

v

n

n

=

-

       
	(76)

	
[image: image194.wmf])

(

2

1

0

12

12

g

g

P

v

v

n

n

+

-

=

-


	(77)


and with the help of the restitution coefficient:
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one deduces the final percussion value:
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The energy of the losses speed is:
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and the kinetic energy loss is:
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[image: image210.emf]As application one considers the rest bar by length 2l  and inertia moment J reported to C1 in collision with a ball by mass m and velocity 
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and for the ball by mass m one obtains 
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Figure 7

It obtains the results:
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 which can be easily verified by direct calculus.
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