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STABILITY OF THE STATIONARY MOTION OF THE WHEEL ON PLANE

Nicolae-Doru Stănescu ,Nicolae Pandrea, 

University of Piteşti, Piteşti, ROMANIA, e-mail: s_doru@yahoo.com

University of Piteşti, Piteşti, ROMANIA, e-mail: nicolae_pandrea37@yahoo.com

Abstract: In this paper we consider the motion of a wheel on a plane in the most general case with non-holonomic constraints. We obtain the system of the differential equations of motion and we study the stability of the motion.
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1. INTRODUCTION
In our paper we shall consider a wheel of radius 
[image: image140.wmf] on a horizontal plane (fig. 1).
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Figure 1: The model of a wheel on a plane.
We select the fix frame 
[image: image3.wmf]OXYZ

 such that the plane 
[image: image4.wmf]OXY

 coincides to the given plane and we select the mobile frame 
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 such that the axes 
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, 
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 are in the wheel’s plane, 
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 being its center. We shall also consider the system 
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 with the axes parallel to those of the system 
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.

It follows that the node axis 
[image: image11.wmf]CN

 is parallel to 
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, the intersection axis between the plane 
[image: image13.wmf]OXY

 and the wheel’s plane.

In the figure we presented the Euler’s angles: 
[image: image14.wmf]y

 - the precession angle, 
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 - the proper rotation angle, and 
[image: image16.wmf]q

 - the nutation angle.

2. KINEMATICS OF MOTION

The condition of the rolling without sliding for the wheel on the plane pretends that the speed for the point 
[image: image17.wmf]M

 of contact between wheel and plane to be zero,
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Due to the fact that the versor 
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 is orthogonal to 
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 and reads 
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 are the versors of the fix axes, we deduce 
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On the other hand, the components 
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 of the vector angular speed on the fix frame’s axis are given by 
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Denoting by 
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 the co-ordinates of the point 
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 relative to the fix reference system, expression (1) leads us to
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The last relation (2) defines a holonomic constraint, because it can be integrated offering
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Therefore, the system has two non-holonomic constraints (2a) and (2b) and a holonomic constraint written in differential (2c) or integral (3) form.

3. EQUATIONS OF MOTION

Let us consider that the wheel is acted only by its own weight, 
[image: image40.wmf]g

m

. The position of the wheel is defined by the generalized co-ordinates 
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The kinetic energy is
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where we assumed that 
[image: image47.wmf]C

 is the weight center of the wheel, the mobile frame 
[image: image48.wmf]Cxyz

 is the system of the principal central inertial axis, and vector 
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 was expressed in this system
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It follows
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The potential energy writes
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The second order Lagrange’s equations for the non-holonomic constraints
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with 
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 functions of 
[image: image63.wmf]1

q

, …, 
[image: image64.wmf]n

q

 and 
[image: image65.wmf]t

, and conservative forces read
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where 
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 are Lagrange’s multipliers.

One obtains the equations
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Replacing (9e) in (9c) we obtain
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Differentiating now the equations (2a) and (2b), one obtains
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Replacing the expression (11a) in (9e) we find
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and replacing (11b) in (9b) we get
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Finally, we obtain the system of the equations of motion
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4. THE SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS

The system (14) with the notations
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is transformed in a system of six first order non-linear differential equations
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5. STABILITY OF THE STATIONARY MOTION

Let 
[image: image94.wmf](

)

t

X

X

i

i

=

 the solution of the system (16) and let us consider a small variation 
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The new system
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reads
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Keeping into account that 
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 is solution for the system (16), one obtains the system in variations
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Let’s consider the motion defined by
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i.e. an uniform rotation around a vertical axis which passes through the contact point between the wheel and the plane

System (20) becomes in this case
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Making now the evident approximations
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system (22) becomes
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Deriving the relation before the last in (24) with respect to the time and keeping into account the last relation (24), ones find
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or


[image: image136.wmf]0

d

d

5

2

2

4

2

5

2

=

e

÷

ø

ö

ç

è

æ

+

-

w

+

e

mR

J

mgR

t

.
(26)

The motion is stable if
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6. CONCLUSIONS

In our paper we discuss a few aspects relative to the motion of a wheel on a plane. First of all we obtain a few cinematic relations need to obtain in the second stage the equations of motion. These equations are written for the Euler’s angles. In the last part we obtain the system in variation and studied the stability .of the stationary motion in a simple case.
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