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Abstract: The aim of this section is to investigate the influence of dynamic effects due to vertical and longitudinal wheel vibrations excited 

by road irregularities upon the braking performance of the tyre and anti-lock braking system. These disturbing factors affect the angular 

velocity of the wheel and consequently may introduce disinformation in the signals transmitted to the ABS system upon which its proper 
functioning is based. 
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1.INTRODUCTION 
 

One may take the simple view that the primary function of the anti-lock device is to control the brake slip of the wheel 

to confine the wheel slip within a narrow range around the slip value at which the longitudinal tyre force peaks. In the same 

range it fortunately turns out that the lateral force that the tyre develops as a response to the wheel slip angle is usually 

sufficient to keep the vehicle stable and steer able. 

In order to keep the treatment simple, we will restrict the vehicle motion to straight line braking and consider a quarter 

vehicle with wheel and axle that is suspended with respect to the vehicle body through a vertical and a longitudinal spring and 

damper. The analysis is based on the study of Van der Jagt et al.(1989). 

 

 

2. IN-PLANE MODEL OF SUSPENSION AND WHEEL/TYRE ASSEMBLY 
 

The vehicle is assumed to move along a straight line with speed V. The forward acceleration of the vehicle body is considered 

to be proportional with the longitudinal tyre force Fx. Vertical and horizontal vehicle body parasitic motions will be neglected 

with respect to those of the wheel axle. Consequently, the role of the wheel suspension is restricted to axle motion alone. These 

simplifications enable us to concentrate on the influence of the complex interactions between motions of the axle and the tyre 

upon the braking performance of the tyre. Figure 5 depicts the system to be studied. We have axle displacements x and z and a 

vertical road profile described by w and its slope dw/ds.  



 813

 
Figure 5: System configuration for the study of controlled braking on undulated road surface. 

 

To suit the limitations of the tyre model employed, the wavelength λ  of the road undulation is chosen relatively large. 

The wheel angular velocity is Ω  and the braking torque is denoted with MB. The unsprung mass and the polar moment of 

inertia of the wheel are lumped with a large part of those of the tyre and are denoted with m and Iw. 

Through the tyre radial deflection the normal load is generated. Since we intend to consider possibly large slip forces, 

the analysis has to account for nonlinear tyre characteristic properties. The contact relaxation length 
cσ will be disregarded 

here. In the model, a contact patch mass mc is introduced that can move with respect to the wheel rim in tangential direction, 

thereby producing the longitudinal carcass deflection u. The contact patch mass may develop a slip speed with respect to the 

road denoted by V*sx. The transient slip is defined by (V>0): 

V

V
k sx−=′               (21) 

This longitudinal slip ratio is used as input in the steady-state longitudinal tyre characteristic. The internal tyre force 

that acts in the carcass and on the wheel axle will be designated as Fm while the tangential contact force is denoted with Fx. 

According to the theory, this slip force is governed by the steady-state force vs slip relationship FXSS(K) which may be modelled 

with the Magic Formula. 

 
Figure 6:  Steady-state tyre brake force characteristics at different loads as computed with the aid of the Magic Formula and the similarity 

technique. 

 

Since we have to consider the influence of a varying normal load, the relationship must contain the dependency on Fz. We 

have the following equations: 
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The master characteristic FXO(K) described by the Magic Formula holds at the reference load Fzo which is taken equal to 

the average load. Its argument K is replaced by the equivalent slip value Keq. Also the longitudinal slip stiffness CFKO is defined at the 

reference load. In Fig.6 the steady-state force characteristics have been presented for a set of vertical loads. 

 

2.1 In-plane braking dynamics equations 
 

The system has as input the road profile w and the brake torque MB. The level w and the forward slope dw/ds are given 

as sinusoidal functions of the travelled distance s. To partly linearise the equations, the road forward slope is assumed to be 

small. The brake torque ultimately results from a control algorithm but may in the present analysis be considered as a given 

function of time. 

The following equations apply for the wheel rotational dynamics, the horizontal and vertical axle motions and the 

tangential motion of the contact patch mass: 

 

BYxaw MMrFl −=++Ω&(             (24) 
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with auxiliary equations for the tire loaded radius 

prr −= 0
             (28) 

The radial deflection 

wzp −=               (29) 

The effective rolling radius 

)(prr ee =               (30) 

The longitudinal carcass deflection rate 

sxsx VVu −′=&             (31) 

The wheel slip velocity 
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And the transient slip 
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Moreover ,the fooling constitutive relations are to be accounted for 

),( upFF zz =                  (34) 
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),(, zssxx FkFF ′=              (37) 

The function (37) is represented by Eqs.(22) and illustrated in Figure 6. The remaining constitutive relations are simplified 

to linear expressions. 

 

2.2 Frequency response of wheel speed to road unevenness 

 

As essential element of the analysis we will assess the response of the wheel angular velocity variation to road 

undulations at a given constant brake torque. 

For this, the set of equations may be linearised around a given point of operation characterized by the average load Fz0, the 

constant brake torque MBo and the average slip ratio K0. We find for the constitutive relations: 
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Where with the use of eqs 8.86,8,87 
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For the variation in effective rolling radius we have 

 

pre
~~ η−=              (44) 

 

The linearised equations of motion are obtained from the Eqs. (24--27) by subtracting the average, steady-state values of 

the variable quantities and neglect products of small variations. 

The frequency response of Ω  to w has been calculated for different values of the longitudinal suspension stiffness cx. 

The average condition is given by: the vehicle speed V0=60 km/h, a vertical load Fzo = 3000 N and a brake torque MBo = 300 Nm 

that corresponds to an average slip ratio K0 = -0.021. The road undulation amplitude mw 001,0ˆ =  

Some of the tyre constitutive relations were determined directly from measurements while for some of the parameters 

values have been estimated. The small interaction parameters, ,, xzeη  and zxe and also the rolling resistance parameters Ar and 

Br have been disregarded. Table 8.3 lists the parameter values used in the computations. 

 

 
 

Table 2. Parameter values for wheel/tire/ suspension system 

 

 

 
 

Figure 7: Frequency response of amplitude of wheel spin fluctuations to road undulations w at a constant speed 

Kand brake torque MB and for different values of the longitudinal suspension stiffness cx. 

 

Figure 7 displays the amplitude of the wheel angular velocity variation as a function of the imposed frequency that is 

inversely proportional with the wavelength of the undulation. It is seen that the resonance peak height and the resonance 

frequency strongly depend on the fore and aft suspension stiffness. 

 

 

3.  ANTI-LOCK BRAKING ALGORITHM AND SIMULATION  
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The actual control algorithms of ABS devices marketed by manufacturers can be quite complex and are proprietary 

items which incorporate several practical considerations. However, almost all algorithms make use of raw data pertaining to the 

angular speed and acceleration of the wheels. A detailed discussion of the various algorithms for predicting wheel motions and 

modulating the brake torque accordingly, has been given by Guntur (1975). The operational characteristic of a control algorithm 

used here for the purpose of illustration is shown in Fig.8. The salient features of the criteria used to increase or decrease 

applied brake torque (pressure) during a braking cycle depend critically upon both the momentary and threshold values of 

Ω  and of Ω& . It is assumed that the brake torque rate can be controlled at three different levels. Upon application of the 

brake the torque rises at a constant rate until point B is reached. After that the torque is reduced linearly until point C. The 

brake torque remains constant in the interval between points C and E. Compound criteria are considered at points A and B for 

predicting when braking should be reduced to prevent the wheel from locking. Thus we have from the starting of brake 

application: Increase of torque for 0 < t < tB according to:   dMB/dt = Rx The preliminary prediction time tA is given by: 

gAeo Ttr =Ω )(&  

where reo stands for the nominal effective rolling radius and T for a constant which sets the treshold forΩ& . From 

time tB we have: 

Decrease of torque for tB<t<tc according to:   dMB/dt = R2  

The instant of prediction and action tB is defined by: 

BABgBAeo VttTttr ∆=−−Ω−Ω )()}()({  

The time tc marks the beginning of the constant torque phase CE, i.e.: 

Constant torque for tc<t<tE:   dMB/dt = 0 Time tc is found from: 

0)( =Ω ct  

Similarly, the criterion for increasing the torque at E: 

Increase of torque for t > tE according to:   1/ RdtdM B = is given by the compound reselection conditions generated 

at points D and E, with tD and tE being found from: 

0)( =Ω Dt
&&  

and 
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For the simulation the following values have been used: 

T= -1, )(1.0 BeoB trV Ω=∆  

 and smVE /1=∆ The brake torque rates have been set to: 

Rx=-R2= 19000 Nm/s 

In order to simulate the braking man oeuvre of a quarter vehicle equipped with the anti-lock braking system, the 

deceleration of the vehicle is taken to be proportional to Fx. The results of the simulations performed are presented in Fig.9. 

The left-hand diagrams refer to the case of braking on an ideally flat road while the diagrams on the right-hand side depict the 

results obtained with the same system on a wavy road surface. For the purpose of simulation, the model was extended to 

include a hydraulic sub-system interposed between the brake pedal and the wheel cylinder. However, this extension is not 

essential to our discussion. In both cases the same hydraulic sub-system was used and the same control algorithm as the one 

discussed above was implemented. 

The further parameters used in the simulation were: Initial speed of the vehicle: 60km/h, the road input with a 

wavelength of 0.83 m and an amplitude of 0.005 m. 

 

 

4.  CONCLUSION 
 

The results of the simulation show that brake slip variations occur both on a flat as well as on undulated road surfaces. 

However, the very large variations of the transient slip value K' in the latter case lead to a further deterioration of the braking 

performance. The average vehicle deceleration drops down from 7.1 m/s
2 
to approximately 6 m/s

2
. Although large fluctuations in 

the vertical tyre force are mainly responsible for this reduction, it is equally clear that severe perturbation occurring both in Ω  

and Ω&  may be an additional source of misinformation for the anti-lock control algorithm The important reduction in 

braking effectiveness resulting from vertical tyre force variations may be attributed to the term Ccz in the linearised constitutive 

relation (42) of the rolling and slipping tyre, and in particular to the contribution of the variation of the longitudinal slip 

stiffness with wheel load dCF/dFz. Both vertical and horizontal vibrations of the axle and the vertical load fluctuations on wavy 

roads appear to adversely influence the braking performance of the tyre as well as that of the anti-lock system. 

In 1986, Tanguy made a preliminary study of such effects using a different control algorithm. He pointed out that wheel 

vibrations on uneven roads can pose serious problems of misinformation for the control logic of the anti-lock system. The results 

of the simulations discussed above and reported by Van der Jagt  (1989) confirm Tanguy’s findings. 
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Figure  8 
Example of an ABS algorithm used to 

modulate the applied brake torque 

Figure 9: 
Left:   Simulation of braking with ABS on an ideally flat road.

Right: Simulation of braking with ABS on a wavy road. 
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