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Abstract: In this paper, the coupled problem of the thermoelastic equilibrium for cylindrical tubes with big torsion angle for
composite materials is solved. The mathematical model of isotropic nanoelastic (auxetic) cylinders with big torsion angle is
also presented. Using this new mathematical model, we actually solve the thermoelasticity problem for cylindrical tubes.
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Consider an isotropic homogeneous cylindrical nanoelastic bar for composite materials. The lateral surface is
external forces free. Body forces are absent. Assume that the section is a bounded (simply or multiply connected)
domain. We take the origin of coordinates at the centroid of the end section B; (z=0), Oz axes parallel to the

generators and Ox, Oy axes arbitrarily directed. The point B, is obtained for z =L, where L is the length of
the bar (sufficiently long). The ends are acted on by distributed forces reduced to twisting moments M of

—0 —0 -
opposite sense M 3 (B1 ): M3 (82 )= Mk . This is the classical model of the torsion [1], [3], [5], [7], [9]-
In this paper, we investigate the homogenized problem of the stationary thermoelasticity of a cylindrical tube
with a big torsion angle, the deformation and the state of stress being caused by the torsion moment M (which
is known) and by the heating of the boundary or by the change of temperature between the boundary and the
environment.

1. THE MATHEMATICAL MODEL

Here, we present A. Y. Ishlinski’s mathematical model (see [4]) for the torsion of a cylindrical bar in the case of
nanoelastic composite materials with a big torsion angle.

Consider now an element of length / located at distance » from the Oz -axis. Let @ denote the specific torsion
angle. After torsion, the generators of the cylindrical tube take the shape of a circular propeller of length

ds' =1 +r%a’ . (D

If the expression % is sufficiently small, the specific elongation is
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For a generator located at distance » from the cylindrical axis, we denote by y the specific torsion coefficient:

2 2 2
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=", where y=—-. &)
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We take the expression ;(rz as a measure of the specific elongation to Oz -axis, therefore it will represent the

component &, of the deformation tensor. In cylindrical coordinates (r, o, z) , the nonzero deformations are (see

[4D):
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In (4), u, =u represents the radial displacement. Due to the condition of uniform torsion, the tangential

displacement u, will be constant for any constant radius » and will not occur in the components of the

?
deformation tensor.

The constitutive equations in the case of linear isotropic thermoelasticity, which generalize Cauchy and Hooke’s
equations, are

T; =A06; +2ue; — pIoy;,

1+v 1% _
Ejj :TTH —E®5U +aT5€-/-,
0-3z-"2e,
E
E _
= a,
P 1-2v

and they are due to Duhamel and Neumann (see [2], [8]). Here, 4 and u are Lamé’s coefficients, £ is
Young’s modulus, v is Poisson’s coefficient (see [1]), T is the temperature, o is the coefficient of linear
dilatation, @ =& +&,, +&33, O =T} +T5, +T53.

Due to the axial symmetry with respect to the Oz -axis and to the conditions which depends only on 7, in
cylindrical coordinates we have

T = Alo 6, + 5 ] 20 T

T, = ﬂ(.s‘zz +&, + &y, )+ 2ue,, —ﬂT(r ,

6))
T,, = /1(822 +&,, +gw)+ 2ue,, —ﬂT(r),
T.=T,,=T.,=0.
Substituting (4) into (5) we get
T, = (/1 + 2y);(r2 + A(a—u+1j —ﬂT(r),
or r
T, = (1+2,u)a—u+/1(;(r2 +£j—ﬂT(r), 6)
or r
T,, =(A+2u)=+ A(;(rz +a—uj—ﬂT(r)
r or
The equilibrium equation is
T, Trr -T,
0 "oy 99 _ 0 , (7)
or r
By substituting (6) into (7), we get the linear differential equation of the radial displacement u, = u(r):
2v (1+v)i-2v)
u'+—u'——u=- + T'(r). 8
r P2 T E(1-v) pTr) ®)

The torsion problems without heating for the cylinder and for the cylindrical tube, respectively, are developed in
[4] and [6].

2. THE SOLUTION OF THE THERMOELASTIC EQUILIBRIUM PROBLEM

First, we solve the problem of the temperature distribution 7'(r) for the annulus a <r <b. Due to the axial
symmetry and to the boundary conditions (independent on ¢ ), the heat equation will be

2
T 10T

0 +—a—:0,aSer. ®

ot ror

Theorem 1. If we associate to equation (9) the boundary conditions for 7 (r) compatible in an exclusive manner,

without heat sources, we get the situations (I-V) below, with the corresponding solutions:
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boundary and the environment, we have the general conditions

miT(ri)+nia_T(ri):pi7 i=12,
or

where 1, =a, r, = b, with similar types of solutions as (I-V).

. Moreover, considering the change of temperature between the

We denote by T(r)=kInr+k, the solution T(r) corresponding to any case (I-V). Therefore, T ’(r)z — inall
r
these cases. Consequently, equation (8) becomes

v 5 (t+v)i-2v)
IV E(1-v) P
and its general solution will be
v s (1+v)i-2v)

kr . 10
- TR plr (19

Pu ' —u=—

u(r):clr+c2 1
r

Theorem 1. The solution of the thermoelastic equilibrium problem for cylindrical tubes with big torsion angle is

212 2 2
u(r)=—4(1”‘ )[r3+(l—2v)(a2+b2)r+a b }(Hv)(l—zv)ﬁ{pzvkb Inb-a lna_k+2kl}

2F l-v b —a?
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b —q? r+ 2E(1-v)
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E;( ) a2+b2 2| 1= v(l-2v) _ b*Inb—a’*Ina v(1-2v)
T, = {r v:l — Vﬁklnr+ — Bk PERE R )ﬁk (1-2v)Bk,,
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;

41 v? = 2( b? -4 b? —a?
Proof. Replacing T r =klnr+k and u( ) from (10) into 7,, from (6) and using the boundary conditions
( ) ,( ) (the lateral surface is stress free), we can find the constants c¢;, ¢, and then the above

formulas for u(r)

ZZ’

Remark. For a given moment M , the constant y can be found from the following identity
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M:J.J.DTWrdO', D:a<r<b,0<p<2r.

We obtain
_l—v2 15 ﬂ_ 1-2v B 4a2b2(lnb—lna)_2(b3—a3)
" Ev b -a®-54%b*(b-a) |27 2(1-v) 3(a+b) 9 '

In particular, in the absence of the heat, the solutions for the cylindrical tube can be found by making £ =0 (see

[6]):
[ Ry

41-v

T, = Evy l:rz—(a2+b2)+azfz}

7 4i-v?) r

E 2,42
4 {rz_a +b Vz}

2z

-2 2

7 afl-v 2
Let us notice that, due to the heat, the deformations, the displacements and the stresses are different in
comparison to the case of a simple torsion (by the occurrence of £ ). Various studies and diagrams can also be

B@{ya@uyyf“}

done for stresses and deformations in the thermoelastic case.
In the case of a simple torsion, the new deformed radii of the new tube become

a'=a+u(a)=a[l—‘%(( 2+b2)},

b'=b+u(b)=b{l—%( 2 +b2)]

By fixing the distance L between the ends of the tube, the inner radius a and the outer radius b, then the
thickness d = b—a becomes after torsion

d'=b'—a’=d[1—%(a2 +b2)},

with d'<d .

Figure 1 Figure 2

Diagram of the stresses: o,, 0., 0y

In the thermoelastic coupled case, we have

2 2
d'=d 1—%(#+b2)+(l+V3(1E_2v)ﬁ(2kb lnb—azlna_k+2klﬂ.

b*-a
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The variation of the thickness in the thermoelastic coupled case will depend on the terms containing £ and on
the inequality between 7;, 7, (if T (r) is taken from (V)).
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