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Abrraers This paper siddiar phe srabiliny nroblom of a circilor plaie srifoved by o eviindnical shell on the euter alamerer ofhe plare I
5 rtmad 1 {a2) we et iise e Karchiogd tfeney o plated aea shedls, ond (i the deformations diie ta fhe loemd 2re on-ar inmene i,
We have the plfowing obfeatives: ' viocesialn sl the egnatioss (e con dve wseed to detfermine (e crineal Tood of @ soened cirealdur
miare (sodle o with g hels | (2) compararion of the cvivical 'oaa for g stiffened plars wirf po nole

Kewwardse loss of staoilit cirewdor plaie stiffered. owlindriogd shell ormrical looa

I INTRGDUCTION

Lo the enpineeriog pracice slabilily probleins of plaies Topded 1o e cwn plane dre especially ieresting ones, Lo (e
pmhor's knowledge paper [ 1] by Brian was the drst one which dzalt with the stabiliy problem of & cireular platz. Since
then s number of papars have Been devoted to this issne. ere we have oiled only & few [2]. 3] and remack that further
relerenees ean be Dound i ke papers clied.

A circular plate can be stiffened {n variows way s For example we can apply a corrugation to it, or it can ba stiffened
by a evlindeical shell attached toothe plate on its boandary. The prazaar paper investizates the stabiling af a circalar plate
provided that the plare 1s stifered by a cylindrical shell. "This problem was partly solved v Szilassy | 2], | 5] who set up
& differential equation for the rotation feld ind colved the corresponding eigenvaluz problem undar the assumption that
the shell is subjected to a constant radial lead in the middle plane of the plate. The anthor of the presant paper has also
urvestipared this issve by using equations set up bor the displacement held |©), By assunung axisvmumetie deformations
the crifical loads have been deterrined for various types of support applied on the inner dicmetar of the plate.

The case of non-axisymmetric deformarions bas not bean investigated yer. Consequentdy ths main objeetive of 1he
presaml paper 15 oo odefermine those eqnabions which provide the crncal load of we assume that the Inad s axisymmetrie
wlile e delonmatons perpendiculur due Lo e load are partly nol, As megards the solobons for the ovlindneal shell we
thall milizz some results of thesiz [7] by Jazed,

2 THE STRUCTURE AND THE LOAD APPLIED

The geomelry of e srocture consisliog of o cireular plale and @ ovhndne shell s shown e Fig T The load is a
o Gl radzal Towd o the ooddls plane of e plate,
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We shall assumea that the plate and the chell are thin. consequently we can apply the Kirchhoft theory of plares and
shells. M 1he shell and plate are marde of the same isofropie material. than 77 and » are the Young-mndulos and the Poisson
vatice, r2spectively. Separated from each other mentally the two structoral 2lements (the platz and the she ) are shown in
Figurz 2 where we can also see the ineplane load o the plate,

L

Ficuee 2. Lhe two struvural elements

Fig. 3 shows the coordinae system: and the displacement components on the middie surface of the shell

Fiivas 3. The coordinata sysiem

Wi shall assume that the planz stress problem 0 the plate due to the load § is axisymmetric ie . the inner forces N IV
anl N salisly e comdivens Mg — N — —fand Vg — 00 We can calenlate ithe iolensily ol the disinbuled Torces
[ from the fact that the radial displacament « of the plate is equal o the radizl displacemant - of tha shell. From the
ax sy mmetric part of the sholl deformation due o the forees © and f we per [4]:
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I EQUATIONS FOR>THE CIRCULAR PLATE

Ae 18 well known the veriical displacement w on the middle surface should fulfill the diffzrentizl equation

3.5 RINg z o 14 1 o2 Fii
FAVANTH —_.':';i'.'.-=[i. gy = ——— —_— | _2 iy l|f.’=_—, 14
.!"_b-_ lf.-ij.?" (L ‘-"IP e Ir.j:'.-“ .!':'L-
whemw 1y — 205 /3, B — k(1 — 0200 Lat us exprnd the sclution [or winlo 2 Fourier seriss:
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Aftor substituring the sclution into (31 we obtein thor amplide fancticns wa o) and - (@) hove 1o fulfill the following
differcotial cquations

it i o non
Lolu)+ Neg—= (— +—— ) uw—0, m—D01 n—012. .. {5a)
LE \dg®  pde .92,;'
= dt 243 — = — 2 at— 4n? 501
STIATIS T T E @A G # =

g — § — euneed then the above eguations bave closed Torm solutions;
w, = e lnp +C:|JL.[‘\|,-;'~,_"!3:I —egt,0 ‘-,,-'ftﬂ"] 3 & Z}?E ji Ey thal

Wy =0 5" | e :*;J‘.Lf_vﬁa] c;'r?,[«vﬁ,m Te=0,1; n="1;8.. (6
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In whal follows e Fourter series of a physical quanlily — denoted] by sov € — wall be writien in e same [ormn g (be
ceries (1

1l
' ;. - T -
0 [y B E E 2. L)oo .|\1r-7-'.~ = m.HJ. i)

m=0n=_

In aecordance with this notaticnal conventon one can show (hat the amphitudes of the rotation ., the bending moments
M. V.. the tarsional momant Mg, and the shear faree £ can all b piven in larms of the omplitnces of w0 as follows:
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A PQUATIONS FOR THECY LINIRICAL SHELL
I1. Field equations of the prablem

The zeverning equations of the cylindrical shell, which stiffens the plare, are presanted ina hit more detail. Tata,, v,
and w, be the theee displacement coordingtes on the middle surface of the shell in the coordinate system shown i Fig. |

—where H 8 — v Delommubons cn the middlz surlace we charscterised by the aaal slmins o, 60, (2 shear sinain
£ 10 e Totation o, a8 well as by the 2lements &, ,. k.. and « . of the curvamre renzor [7]:

Lot L ¢ b 1 o et
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: L &, . 1 0%, L Pu, -
Hgr = rl,;;. ic}.":? b e = n: ;]'.;.-2 v Pop = n? ﬁl'.f'-:j:.,".? (L)

The corresponding inner forecs nnd bending wmoments are obtained from the Hooke law:
'll.lIJ 1y h '-l' |:-E___, + ;'r=--u-l.'.'.| 1 - u,r: L1-’ l:. Sgap T Iy, : T J‘\'I_, e = JL—"' :"' : . F = L Ciee s {.]-.'.,
e B . ‘ . B ; g, :
M..=E, 1555 (e +¥hee) . M. =FE e (s + VM) v M= EF (I—v) Koy - (1)
'The abrove equations are dssociated with the equiliboium squations
t.}*'ab'r.r.l; oV Ty
—+ H.p, — 0O, (L3u)
e i .
Nz NG L fand,, and, ‘-.
il s i Y Rung =0 (15h)
ol faé?=] K G i j 1
0° M e AR i 1 oy . .
'ilt'.ﬂr |2 s -.r,.lg I ..,:H Rf‘?\'.cr- | Bp, = 0. (L3¢}
i Lo Ly

Cilserve that we have a3 many equations as there are unkrowns Cfifteen 2quations in Affzen tnknowns )
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42 molution m terms of the Galerkim function

For o= = p. = 0 the fundamenal equations (obiainzd atter we hove eliminated the inerme diats variables) scr up for
the displacement coordimates i, e and g wall bz folflled wentically of we calcolare the displacement coordingtes from
e Galerkin funciion o wsing e = lalions

1.||d -'_'Idlfl- 5.3‘:'. G"“Q, 3
o _ Ry v = Vi i L)
’“m,,:-' V,ijcd L Gt e P o :IM‘_ 7 w, = %% 3
in which o should saticfy the diffarentiz] eguation
Ot AR il el Fr”
el o 73 ;"17‘ E U _ '— _ . i ™ o 1
VOV p— A4 -:,-,H 7 0, V* .’;ﬂ +E*,-:?" i1—ux } (17)

since the distributed load p, exerted on the shell [s zero in the present problem |7]. With mgard 0 2quarion () we agaume
thar @ is cxpanderd into o Fouricr serics:

1 oo
Flep)=F8 1 % Eh’*lfrxiw m—} : (18)
m—rn—
Ohir can show il
BF,. | LF, o8 Fo | MBF. om 4T,
—par — gt + i — el R 4 OF iR 0. ()

The characterstie polynomial of this eguaticn takes (e Qo

= n_."]-i -II-..:-i b;{ ,Lll_-’a._:

12
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The roats of this polyaomial are as fallows:

'E':'.u_ =] _l{".IJ + s '\lr.i = _’-j-:i + ity 2 ’ll:u.!- = /T"ﬂl' And = Apa; "h-n.f-+-' = _}-n!; =14, (20b)
where
Pt ) ) ol (o]
."?".-_—hr."':._} J‘:m..-—hr.-_i1nnl—5+ﬂ-=-nn.'..-—E_r-'n- '.?-HCI
; / 4 « 2 i r ot P g
= A ! i Ti 7 II-' f 'y
fo— Ll ir—d = | +2 —) ST L Y W O —-.z(—| ; 1204
21 V (.‘j‘) =5 (.'5'_. il 2'\ .1||' + 1‘.-"-1 } ) i
Tt car he showen that the real solution of cquarion (19 tnkes the frrm
ﬁ
Fn= l: {I--u: amh (5,518 (s ) | ”.—h AN () o8 (i) |
pemeg
m . m ]
+ HMopeosh G 08 510 (o) + 5o oosh { B8 ) cos (o, 08) i21)

whare the quantitics Alj',,k, e 1:",,& are altogother cight {negration constantz. Every chysical quantity can be writfon u g
form sumilar to that of equation {71 —we should weite £ nstead of o there. Chnithing the long hand made caleolatwons we
shall presenl only Gese physical guaniitizy bere wloeh are iovobeed e beundary and continuity conditiens prescrbed
en the circle in which the rwo middle surfaces intersect each other
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5 BOUNDARY- AND CONTINUITY CONDTIONS

A sclomion for the amplitude of the displacement field on the midd le surface of the plate contains |, while a solution for
L
Fa lmvalves 8 integration constants. In what follows we shall present those boundary- and continuity conditions, which
prervick2 the inteseation constants, We shall start from the inner boundary of the plats

a1
If the platc has no hole in it then the displaccment <5, (p = L) ond the rotation (5 = ) hos 1o be finie. If there is
a holz 1o the plate. the boundary conditions depend on the supports apphed. However, two boundarny conditions can be
prescribed on the inner boundary only.
The shell and flate deform together on the intersection line of the middlz surfaces of the shell and the plate so it is
clear that the Following kinemabic enmtinuity condifions shoald he if|led:

CenlE=0l=—tul{p=1), Lendb=0) =0 (=120, (27u)
i =t m m
AR I WL N O N i Bonle— 0 —w o p—1) . (a7b)

1 comsn. n—0

Oheerva, thal the seeond and third conditions refliect the faet that the planc siress problem is axisy mmerric.

- . H = T f ¥
For the shear forea €, |, we can not prescribe any condibion, £ine2 e s =0 =10,

A repards the axisymmerric part, equation

Jot Qewu— =V (28)

should wlss be fullilled. - o

Since 7. 10— 11 — {1 wa can nof prescrihe continiity conditions for the inner forces N aa - and Vg oo Towever the
acisymmetric parls of these quantities are equal to rero.

It follows from the global equilibrium of the soucture that the axisvimmetric part of the shear torce should meet the
comhitien ge = 00 Oilerw sz the contnoity condilicn

O lp=1)-N,, (€=0)=0 129a)
should ba fulfilled.
As rogards the hending moments equation
Manlp=1)—Maznlé=01=0. (20b)

is the continuiny condition,
Since the houndary of the shell with coordinates [ — R/, 15 free, the fallowving, bonndary condinnns shoold he
satished:

" m | *n
-'t'r.'"::"'.l = 1 -'1"'1-.: pn + Ejlf.'.:rrm e 1] ‘Eﬂlﬂ
-'FT'}:J:':I =4, 555,‘ ; jl};.;—n =1, “3%1

The boundury - sl contiouily wnditons (27), (29) aod (30} provide twelve Lomuogenous equelions [or e lwelve Tnle-
2ration constants. These cquarions involve fas a parwmeter The eritical vaduc of § can be determired from the conditon
rhat the system determinant shonld vanish

& NUMERICAL EXAMPLE

Wo have made nomercal computations lora soled plale. The graple m Fig 4 prosode Ui critieal Toad o e plae o
rerms of the helght & of tha stiffening chell. Iv is clear from Fig. o that the siiffening significancly increases the crirical
Irad ns the height hois inereosed G113 reachcs a cortain limit. The eurves shoow the eritical load for the axisymmetric
deformation and the Arst 3 members of the Fourer-serizs. We sze that the lowest valoe of the cnbcs! load belongs to
aniymmetric daformmtion, These compuiziions lave been msde with he valoes £ — 20107 MPa, 0 — 0.3, B, — 40
mm, 4 = 2k = 4 mrm.
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Fioure 4. Colical kosl Tor e plae

7. CONCLUDING REMARKS

The present paper bas @stablishad e coualions e can be wsed o deermine e criteal Joad o g circular plate Osolid
or with a hole) stiffencd by a cylindrical shell onder the assnmption of non-axisymmerric daformations. We have had a
difticulty 1w claritying what the continuity conditions are batween the two separate elements of the suwcture. We have
al=o presented o selution for o plate with no hole assuming axisymmetric and non-axisymmeiric deformations. Fuartor
mmmerical examingtions are w progeess for a platewith a bols.
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