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DYNAMICS OF A SYSTEM OF RIGID BODIES WITH GENERAL
CONSTRAINTS BY A MULTIBODY APPROACH
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Abstract: This paper generalizes the equations of motion for a single rigid body, published in a previous work, for the case
of a system containing an arbitrary number of rigid bodies. It is not important the way in which the rigid bodies are linked
one to another. We also present an application to highlight the theory.
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1. INTRODUCTION

The study of the multibody systems is a great task of nowadays researchers. The general case of the rigid body
with arbitrary constraints is published in [1]. In this paper we will generalize the equation of motion published
there for the case of a mechanical system with an arbitrary number of rigid bodies linked one to another.
The matrix equation of motion may be obtained in two ways. The first approach is to use the general theorems
(the theorem of momentum and the theorem of moment of momentum). In this approach we make the following
notations
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If we use the Lagrange equations, then we denote by kq , and
kqF , nk ,1 , the generalized coordinates, and

forces, respectively, and the Lagrange equations read
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where cE is the kinetic energy, and the generalized forces contain both the given and the constraint forces.

Using the matrix notations
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one obtains the matrix form of the Lagrange equations
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2. THE MATRIX EQUATION OF MOTION FOR A RIGID BODY WITH CONSTRAINTS
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The matrix of constraints  B has the general form
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in which 1iiB , 2ii and 3iiB represent the projections of the force of constraint onto the axes of the fixed

reference frame, while the projections of the moments about the point O , onto the mobile axes are obtained

from the expression      i
GβFQ

T1 .

3. THE MOVING EQUATION FOR A SYSTEM OF RIGID BODIES

The moving equation (13) may be easily generalized for the case of n rigid bodies with constraints. We make
the following modifications:
– the matrix of constraints  B reads

 











































































































































































































n

p

n

i

n

n

p

n

i

n

n

p

n

i

n

On

p

On

i

On

O

p

O

i

O

O

p

O

i

O

pi

pi

pi

O

p

O

i

O

O

p

O

i

O

O

p

O

i

O

fff

fff

fff
Z

f

Z

f

Z

f

Y

f

Y

f

Y

f

X

f

X

f

X

f

fff

fff

fff

Z

f

Z

f

Z

f

Y

f

Y

f

Y

f

X

f

X

f

X

f

nnn

nnn



























1

1

1

1

1

1

111

1

111

1

111

1

1

1

1

T

111

111

111

B

, (17)

in which   0qif , pi ,1 , are the constraints;

– the matrix  M has the expression
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kO being the origin of the mobile reference system linked to the rigid body k , nk ,1 ;

– the matrices  s and  β take the form

   T
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that is,
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where  T
21 kpppk fff f are the constraints of the rigid solid k , nk ,1 , each constraint of this kind

containing only the parameters  kq . In this way, one obtains n independent equations of type (13).

4. EXAMPLE

We consider two bars AC , and CB of lengths 1l , and 2l , masses 1m , and 2m , respectively, linked one to

another by a spherical joint at the point C . The mobile reference systems 1111 zyxO , 2222 zyxO are principal

central system of inertia for which one knows the values
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system XYZO0 the axis ZO0 is vertical ascendant.

Choosing as rotational parameters the Bryan angles for each body, we have

O
2O

1

gg

1

1

1 2

2

2 21

x

x

mz

yy

m

B
A

C
z

Y

Z

X

0
O

Figure 1: Example

 



















ii

iii

cossin0

sincos0

001

ψ ,  





















ii

ii

i

cos0sin

010

sin0cos

θ ,  



















100

0cossin

0sincos

ii

ii

iφ , (25)



257

     






















iiiiiiiiiiii

iiiiiiiiiiii

iiiii

iiii

cccssscsscsc

csccssssccss

ssccc

φθψA , (26)

 

















000

000

000

iS ,  

















010

100

000

i
U ,  




















001

000

100

i
U ,  















 


000

001

010

i
U , (27)

    

















 

ii

iiip ii

sincos0

cossin0

000

ψUψ ,     



















 

ii

ii

ip ii

sin0cos

000

cos0sin

θUθ ,

    


















 

000

0sincos

0cossin

ii

ii

ip ii
φUφ , (28)

     



















iiiiiiiiiiii

iiiiiiiiiiiiiiipi

csccssssccss

cccssscsscsc

000

φθψA ,

     






















iiiiiiii

iiiiiiii

iiiii

iipii

scscsccc

ssscsccs

csscs

φθψA ,

     






















0sscsccsssc

0sccssccsss

0ccsc

iiiiiiiiii

iiiiiiiiii

iiii

ipiii
φθψA , (29)

       
iii iiii   AAAA  ,  


















0

0

1

i
u ,  


















0

1

0

i
u ,  


















1

0

0

i
u , (30)

            




















 

10sin

0coscossin

0sincoscos
TT

i

iii

iii

iii iii
uuuθφQ ,  





















000

0sincoscos

0coscossin

iii

iii

i
Q ,

 






















00cos

00sinsin

00sincos

i

ii

ii

iQ , (31)

     




















 

00cos

0sinsinsincoscos

0cossincoscossin

ii

iiiiiiii

iiiiiiii

ii ii






 QQQ , (32)

   











































iii

iiii

iiiii

i

i

i

ii Q













sin

coscossin

sincoscos

ω , (33)

 





















0sincoscoscoscossin

sincoscos0sin

coscossinsin0

iiiiiiiii

iiiiiii

iiiiii

i






ω , (34)

 

















i

i

i

i

m

m

m

00

00

00

m ,  


















i

i

i

i

z

y

x

O

J

J

J

00

00

00

J , (35)



258

    

















000

000

000
T

iii QSA ,     

















000

000

000
TT

iii ASQ , (36)

    
 
 
 
  ,

00c

0cscs
ssccc

sccss

0cscc
cssscccs

sccscc

i

22

TT













































iz

iiiyiiix
iiiiiiiy

iiiiiiix

iiiyiiix
iiiziiiiiiiiy

iiiiiiiix

iOi

i

ii

i

i

ii

ii

i

i

J

JJ
J

J

JJ
JJ

J













QJQ

, (37)

     
 
   

 
 
 

 
 

 
 

 
 

.

0
sccc

ccss

scccs

ccscc

c
scs

scs

cs

scs

scc

c
ssccc

sccss

cs

sscccs

sccscc

2

2

T











































































iiiiiiy

iiiiiix

iiiiiiiy

iiiiiiix

iiz
iiiiiy

iiiiix

iiiz

iiiiiy

iiiiix

iiz
iiiiiiiy

iiiiiiix

iiiz

iiiiiiiiy

iiiiiiiix

iOii

i

i

i

i

i
i

i

i

i

i

i

i

i

i

i

i

i

J

J

J

J

J
J

J

J

J

J

J
J

J

J

J

J































QJωQ

. (38)

We denote by  i
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We also have
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and let us denote by  i
jk
 , 3,1, kj , 2,1i , the components of these matrices.

We will consider the order of parameters
1OX ,

1OY ,
1OZ , 1 , 1 , 1 ,

2OX ,
2OY ,

2OZ , 2 , 2 , 2 .

We have only one constraints given by the belonging of the point C to the two bars. For the bar AC we may
write 21lxC  , 0Cy , 0Cz , while for the bar BC we have 22lxC  , 0Cy , 0Cz . From the
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it results the expressions
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and the constraint function read
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The components of the matrix of constraints are
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We may also write
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We denote by  M the fifteenth order squared matrix
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and it results the equation of motion
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
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The reaction at the point C has the components
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or, equivalently,
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











 


















0

0
1

19

18

17

1

B

B

B

,



































0

0

2

29

28

27

2

B

B

B

,




































339

38

37

3 0

0

B

B

B

, (52)

verifying the principle of action and reaction.
On the other hand,
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and it results the projections of the components of the moment of the reaction that acts upon the first body at the
point C , onto the axes of the system 1111 zyxO
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We also have
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and it results the projections of the components of the moment of the reaction that acts upon the second body at
the point C , onto the axes of the system 2222 zyxO
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3. CONCLUSION

In this paper we presented the generalization of the equation of motion for a mechanical system of an arbitrary
number of rigid bodies. The reader may easily observe the procedure which extends the matrix of inertia, the
matrix of constraints, and the matrix of generalized forces. The absence of the link between two bodies leads to a
simpler form for the matrix equation of motion.
If the constraints are independent, then the left-hand matrix in the equation of motion is invertible (not necessary
in a classical way). Discussions about this property of inversion could be found in [2], where the authors deal
with the Moore-Penrose inverse for the matrix of constraints.
For the planar cases one may consider a simplified version of the method (the translation along the axis Oz , and
the rotations about the axes Ox and Oy vanish). This is equivalent to consider particular initial conditions for

this parameters, and no motion corresponding to them. The paper also includes a complete solved example.
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