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Abstract: Ultrasonic horns are devices used in manufacturing for focusing the ultrasonic energy in the area of mechanical
process. The model of the ultrasonic horns is based on Webster’s wave propagation equation and one of the important
problems is the optimization of their shape. In the present paper there are presented some theoretical consideration about the
possibility of optimization of the ultrasonic horns. There are mentioned some work done by different authors and in the same
time there are highlight the basic methods that can be used in ultrasonic horns.
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1. INTRODUCTION

Ultrasonic horns are devices with an axisymmetric shape that provide acoustic energy in a specific tool. The
acoustic energy is generating by a transducer, generally using a magnetostriction effect, considering an electrical
input signal. In the same time, the acoustic horns can be directly tools or the tool can be attached at the small end
of the horn. Main technological applications are cutting [1], [2], [3], drilling [4], [5], [6], turning [7], welding [8],
[9], and also for machining different materials as carbon fiber reinforced composites [10], [11], [12].

The geometry of the ultrasonic horn involves a continuous varying cross section from an initial value S;, in the

origin of the reference system, to an end one value S, (Figure 1).

Figure 1: Solid horn geometry

The cross section variation generates a mechanical magnification of the input signal amplitude. The cross section
variation is given by different mathematical functions (exponential [13], linear [14], tapered (or stepped) [15],
catenoidal [14], Bézier [16], Gaussian, etc.). An important problem associated with the horns design refers to the
shape optimization. The optimization can be associate with different design parameters as: working frequency
[17], amplitude of the signal [18], [19], load transferred in the manufacturing area [20], the objective function
[21], [22], etc. In the present paper, there is presented some theoretical considerations about the optimization
procedure that can be used for optimization.

2. THEORETICAL CONSIDERATIONS

2.1. Introduction
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The aim of any optimisation procedure is to find that values of some parameters that lead to a better functionality
of a considered system, particularly a mechanical system. The success of any optimisation procedure depends on
a mathematical representation of the system behaviour and the considered parameters [23], [24], [25], [26], [27],
[28].

Generally there are found two types of optimisation functions:

a) Objective functions, are that function which express a dependency between the quality characteristics
(optimisation criteria) and variables that have to be optimised;

b) Restrictive functions, that are represented as mathematical inequalities used to be found allowable domains
for optimisation.

Any optimisation problem is correctly defined if the objective function meets the following conditions:

a) The function has to be a continuous one;

b) In a range, the function must have only one maximum or minimum or can have multiple maximum or
minimum values (the case of the global optimum value);

c) Itisanadmitted domain delimited by restrictive functions in a manner that the extreme values are inside the
domain or on its border.

In optimisation procedure of a system there are highlight two limit situations:

a) The system is well known and both dependences between variables and optimisation criteria and the
restrictions of the objective function can be described;

b) The system can be evaluated by experiments.

The optimisation study involve the usage of specific methods and techniques that can be classified as follows:

a) Analytical methods — that use the differential equations to be found the maximum or the minimum value.
Considering this method one can find general information about the objective function. It is necessary to be
assured the continuity of the function and of its derivatives;

b) Numerical methods — that are based on an algorithm that drive the numerical evaluations of the objective
function to its maximum or minimum values. In the frame of the algorithm it is included a criteria of
finishing of the search that refers to the consequent optimisation variables or to the consequent values of the
optimisation criteria;

¢) Mixt methods — where the objective function is treated as black-box system and the numerical values of the
objective function are found combined with experiments;

d) Experimental statistical methods — the optimisation variables are controlled modified.

The determination of the maximum or of the minimum of some mathematical expressions that contain unknown

functions can be easy done using the variational calculus.

This is the case of the optimisation problem in the case of ultrasonic horns. The basic equation is the wave

propagation equation through beams with variable cross section:
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Based on the Weierstrass theorem one can say that a continuous functions f(x) that is defined in a point in a
closed range [a,b] can has an absolute maximum ore minimum value. In case that the maximum or minimum

value of the function is inside of the range than that value is a local extreme.
In case of the extreme problems the leading principle is to obtain a derivative of the function in the considered
range in a point excepting a finite number of points where can be reached the absolute maximum:

df (x)

@

a) A point where

=0, point defined as stationary point or critical point, al resulted points being

stationary values;
b) A point at the end of the range;
c) A point where de function f(x) has no derivative.

2.2. Problems with extreme values with connections. The method of Lagrange multipliers

Considering a function of two variables z=f(x,y) defined in a domain Q where the variables x and y are tied
by the supplementary condition g(x, y)=0. According with [23] the function z=f(x,y) has an extreme in a
point defined by coordinates (a, b) it necessary to be fulfil in that point the condition:
h Ty
gx 9y
where from it is obtained the system:
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The relations from (3) together with the condition g(x, y)=0 are enough to find the coordinates of the extreme
point defined by the coordinates (a, b) and the multiplier 4 .
The above mentioned conditions is defined as the method of Lagrange’s multipliers and by A was defined the
Lagrange’s multiplier.
This method can be resumed [n the following algorithm;
a) It is generate the function F(x,y, A)=f(x,y}+4-g(xy) and the unknown values, (x,y,1) are treated as

independent variables;
b) Itisequated the partial derivatives of the function F with zero:

—=f,+19,=0;
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In the case of multiple variables, the system (4) becomes:
K
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where:

k
F(xl,x2 peer Xp Ay Ap i ): f (xl,xz,...,xn )—I—le “0j (xl,xz,...,xn) (6)
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2.3. Variational principles

In the case of a classical problem of variational calculus these are called isoparametric problems. These types of
problems involve finding an extreme value of an integral if it is known the value of another integral.

It is defined the term of ,,functional” that has the meaning of avalue, or a whole function that depens on the
variation of the graph of one or more functions and do not have a discrete number of variables [23].

It has to be mentioned that the domain of the valability of a functional is represented by a domain of alloweble
functions that belong of a space or of a class of alawable functions.

The most interesting problems in the functional functions study are given by the stationary values of these.
Considering an explicit function F(x,y,y’,y") and X, and x, two given values, the shape of the functional is

given by:

Xy
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The problem resume to the finding an external function y=y(x) that realise an extreme of the functional (7)
while y and y" are known in points X=X, , and X=X,
In the theory of the variational calculus it is considered a variation of the function y with a quantity dy with the
conditions:

Wy = O

v _0 (8)

Yo =0

In the case that the functional I has an extreme value, its variation is:
X1
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The relation (9) is defined as the first variation of the functional I. Eliminating the variations dy’ and dy” and
integrating and taking into consideration the boundary conditions it is obtained:

OF dfoF) d®(oF)_. (10)
oy dxley ) dx*|oy”

Differential equation (10) it is known as Euler’s differential equation that corresponds to the functional (7).
Based on (10) and taking into consideration the boundary conditions one can find the function y=y(x).
Generally, the variation of the functional is zero (51 =0) for the points x=x,, and x=Xx, if there are fulfil
simultaneous the following conditions:

a) For aspecified y=y(x):

oF_d|oF =0 (12)
ay! dX 6)/”

b) Foragiven y':
oF
— =0 (12)
oy

and the equation (10) is satisfied.
In many problems from mechanical engineering domain it is used the theorem of the minimum potential energy.
According with this theorem, from all displacements of the stable structure that satisfy the given boundary
conditions of the displacements that which satisfy the equilibrium equations minimise the potential energy.
Reciprocal from all displacements that satisfy the boundary conditions, those which minimise the potential
energy satisfy the equilibrium equations. This reciprocity is used in the frame of the variational principle. Thus,
it is obtained:

6I=0 (13)

2.4. The variational principle of Hamilton

As is shown in [126] and [127] the Lagrange’s equations:
df oL ) b o, k2...m) (14)
dt\ 26, ) Jg

can be seen as Euler’s equations in a functional shape as:

PZ
1= [ LG +0n G G- DL (15)
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where B, and P, are two points that are situated in the generalized coordinate plane gy,0,,0s,...,g, known as
the configuration space. Thus, the functional T is stationary if it is satisfied the condition (13) and results:

5[ Lat=0 . (16)
The integral (16) is expressed by the product between the kinematic potential L and time. The quantity

P2
A:J' Ldt, a7
Pl
is defined as action.

3. OPTIMAL DESIGN OF ULTRASONIC HORNS

In case of the ultrasonic horns, taking into consideration their shape, one can say that the problem of
optimisation is focused on finding a function of the cross section variation which leads to a minimum volume, at
a high level of the signal energy, at a minimum stress in a given point [27].

Thus, it is necessary to extreme an objective functional in conditions that verify the equilibrium equations of the
structure. More, one can use the boundary conditions considering the effect of the fatigue as a result of the
ultrasound waves.

The equations Euler-Lagrange obtained from the functional together with the conditions that has to reach the
functional leads to an optimised mathematical model.
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Generally, the problem of the ultrasonic horns optimisation is an isoparametric problem. The problem of
obtaining of a minimum cross section can be reported to a problem of a minimum weight of the structure which
leads to a problem of potential energy optimisation for a given volume [28].

3. CONCLUSION

The problem of ultrasonic horns optimization is a complex one. The optimization procedure involves finding a
functional and the main parameters that can be used to obtain a proper shape for a maximum magnification of
the signal. The shape of the wave propagation equation (1) involves to be used the Euler-Bernoulli method for
separating the two components, the space one and the time one. The space component equation is used to define
the optimum cross-section.

Any optimization method that is used combine the analytical method with the imposed designed parameters.

REFERENCES

[1] V. K. Astashev and V. 1. Babitsky, “Ultrasonic cutting as a nonlinear (vibro-impact) process,” Ultrasonics,
vol. 36, no. 1-5, pp. 89-96, 1998.

[2] R. Singh and J. S. Khamba, “Ultrasonic machining of titanium and its alloys: a review,” Journal ofMaterials
Processing Technology, vol. 173, no. 2, pp. 125-135, 2006.

[3] T. Asami and H. Miura, “Study of ultrasonic machining by longitudinal-torsional vibration for processing
brittle materials-observation of machining marks,” Physics Procedia, vol. 70, pp. 118-121, 2015.

[4] V. 1. Babitsky, V. K. Astashev, and A. Meadows, “Vibration excitation and energy transfer during
ultrasonically assisted drilling,” Journal of Sound and Vibration, vol. 308, no. 3-5, pp. 805-814, 2007.

[5] L. DeFu,W. L. Cong, Z. J. Pei, and Y. JunTang, “A cutting force model for rotary ultrasonic machining of
brittle materials,” International Journal of Machine Tools & Manufacture, vol. 52, pp. 77-84, 2012.

[6] J. Wang, P. Feng, J. Zhang, W. Cai, andH. Shen, “Investigations on the critical feed rate guaranteeing the
effectiveness of rotary ultrasonic machining,” Ultrasonics, vol. 74, pp. 81-88, 2017.

[7] V. Sharma and P. M. Pandey, “Optimization of machining and vibration parameters for residual stresses
minimization in ultrasonic assisted turning of 4340 hardened steel,” Ultrasonics, vol. 70, pp. 172-182, 2016.

[8] M. Roopa Rani, K. Prakasan, and R. Rudramoorthy, “Studies on thermo-elastic heating of horns used in
ultrasonic plastic welding,” Ultrasonics, vol. 55, no. 1, pp. 123-132, 2015.

[9] T. V. da Cunha and C. E. N. Boh’orquez, “Ultrasound in arc welding: a review,” Ultrasonics, vol. 56, pp.
201-209, 2015.

[10] W. L. Cong, Z. J. Pei, T.W. Deines,A. Srivastava, L. Riley, and C. Treadwell, “Rotary ultrasonic machining
of CFRP composites: a study on power consumption,” Ultrasonics, vol. 52, no. 8, pp. 1030-1037, 2012.

[11] P. Feng, J.Wang, J. Zhang, and J. Zheng, “Drilling induced tearing defects in rotary ultrasonic machining of
C/SiC composites,” Ceramics International, vol. 43, no. 1, pp. 791-799, 2017.

[12] K.Ding, Y. Fu, H. Su, Y. Chen, X.Yu, andG. Ding, “Experimental studies on drilling tool load and
machining quality of C/SiC composites in rotary ultrasonic machining,” Journal of Materials Processing
Technology, vol. 214, no. 12, pp. 2900-2907, 2014.

[13] E. Eisner, “Design of sonic amplitude transformers for large magnification,” in Proceedings of the IEEE,
vol. 51, pp. 512-512, IEEE.

[14] K. Graff, Wave Motion in Elastic Solids, The Clarendon Press, Oxford, UK, 1975.

[15] D. Sindayihebura, L. Bolle, A. Cornet, and L. Joannes, “Theoretical and experimental study of transducers
aimed at lowfrequency ultrasonic atomization of liquids,” Journal of the Acoustical Society of America, vol. 103,
no. 3, pp. 1442-1448, 1998.

[16] D.-A. Wang, W.-Y. Chuang, K. Hsu, and H.-T. Pham, “Design of a B’ezier-profile horn for high
displacement amplification,” Ultrasonics, vol. 51, no. 29, pp. 148-156, 2011.

[17] M. P. Kamat, V. B. Venkayya, and N. S. Khot, “Optimization with frequency constraints-limitations,”
Journal of Sound and Vibration, vol. 91, no. 1, pp. 147-154, 1983.

[18] J.-C. Hung, Y.-P. Tsai, and C. Hung, “Optimization of ultrasonic plastic welding horns on amplitude
uniformity,” Applied Mechanics and Materials, vol. 121, no. 126, pp. 278-282, 2012.

[19] T. He, X.-Q. Ye, and Y. Zhao, “Optimization design for ultrasonic horn with large amplitude based on
genetic algorithm,” Journal of Vibroengineering, vol. 17, no. 3, pp. 1157-1168, 2015.

[20] P. Harkness, A. Mathieson, C. Murray, and M. Lucas, “Optimization of ultrasonic horns for momentum
transfer and survivability in high-frequency/low frequency planetary drill tools,” in Proceedings of the AIAA
SPACE Conference and Exposition 2011, Long Beach, Calif., USA, September 2011.

[21] I. C. Rosca, S. T.Chiriacescu, andN. C. Cretu, “Ultrasonic horns optimization,” Physics Procedia, vol. 3,
pp. 1033-1040, 2010.

195



[22] I.-C. Rosca, M.-I. Pop, and N. Cretu, “Experimental and numerical study on an ultrasonic horn with shape
designed with an optimization algorithm,” Applied Acoustics, vol. 95, pp. 60-69, 2015.

[23] Forray, J.,M. - Calculul variational in stiintd si tehnicd, Editura Tehnica, Bucuresti,1975.

[24] Calin, S.; Belea, C. - Sisteme automate adaptive si optimale, Editura Tehnica, Bucuresti, 1971.

[25] Gallagher, R.H.; Zienkiewicz, O.C. - Optimum Structural Design-Theory and Applications, John Wiley &
Sons, Chichester - New York - Brishane -Toronto, 1986.

[26] Mangeron, D., Poterasu, V-F., Vulpe, A. - Teoria optimizarii structurilor cu aplicatii, Editura Junimea, lasi,
1980.

[27] Popescu, H., Chiroiu, V. - Calculul structurilor optimale, Editura Academiei Roméane, Bucuresti,1981.

[28] Salinas, D. - On Variational Formulation for Optimal Structural Design, D. Thessis, University of
California, Los Angeles, 1968.

196



