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Abstract: The paper propose a method to be used for calculating the eigenvalues and the natural frequencies for a three
spam beam that is fixed at one end and hinged on the other, when the intermediate supports are located any ware along the
length of the beam. It was assumed that each span of the continuous beam follows the Euler-Bernoulli beam theory. The case
of a three-span beam has been taken into consideration, as this is a very common structure used in practice. By imposing the
correct boundary conditions and by using the frequency and normalized mode shape equations, the eigenvalues and the
modal function are obtained.
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1. INTRODUCTION

The current research describes the evolution of the eigenvalues and natural frequencies for a three-span beam
clamped at one end and hinged at the other to which two intermediate support hinges have been added and
iteratively moved from one beam end to the other. In practice, multiple-span beams are largely used in
engineering applications including bridges, cableways, cranes and marine structures, that always have at least
one clamped end and one or more supports. The use of intermediate stiffeners helps improve the overall rigidity
and damping ratios of structures [1]. Beams that have more than one span are known as continuous beams [2].
The equation of motion for a continuous beam in bending vibration is used to describe the behavior of the three
spans [3]. The boundary conditions were defined, in addition to the continuity condition imposed at the
intermediate hinges. The eigenvalues can be used to get the structure’s natural frequencies, of interest being the
first several values; henceforth six weak-axis bending modes are considered. We assume that the beam material
follows Hooke’s law, meaning that the beam is homogeneous and isotropic. Many studies have been made for
obtaining the solution for the boundary conditions for transversal vibrating beams formulated in terms of the
partial differential equation of motion, for instance the studies done by Traill-Nash and Collar [4, 5], but they
derived the frequency equations only for four models. The Rayleigh beam theory [6] offers a marginal
improvement for depicting the natural frequencies and eigenvalues by including the rotary inertia effect of the
cross-section. There are numerous approaches for modelling the dynamic behavior of continuous beams,
including: Timoshenko models, wave-propagation approach, Rayleigh-Ritz procedure, and the finite element
method [7]. This paper presents a method to calculate the eigenvalues for continuous beams with high accuracy.

2. EIGENVALUES APPROACH

The cross-section of the continuous beam is rectangular and the natural frequencies for the n" vibration mode is
given by the equation:

a,’ { E-l

= \mC @
where:
fn [Hz] is the natural frequency;
an is the eigenvalues for a specific mode of vibration;
E [N/m?] is the elasticity modulus;
I [m*] is the moment of inertia;
m [kg] is the beam mass;
L [m] is the beam length;
n = n™ vibration mode number;
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In order to depict the eigenvalues of a beam on multiple supports, the spans between each pair of supports is
considered as a separate beam [8, 9]. From eq. 1 the natural frequencies for the continuous beam can be
determined by knowing eigenvalues, beam geometry and material properties.

For any support type by calculating the eigenvalues, the natural frequencies, vibration mode shapes functions
and mode shapes can be determined.

The current research considers a continuous beam clamped at one end and hinged on the other, supported with
two intermediate hinges, that means three spans (fig. 1). It is known that the deflection and the slope is zero for
clamped support, deflection and bending moment is zero for the end hinge of the beam. Since the beam is
continuous, the slope and bending moment to the left and to the right of the intermediate supports are the same.

Also, the deflection is zero for the intermediate supports. The length of the beam is normalized so that it is
considered L=1.
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Figure 1: Continous beam having three spans

For each support (noted in fig. 1 with 1, 2, 3 and 4), the boundary conditions can be written as:

W,(0)=0 W,(1,)=0
L dWl(O)_O W, (l;)=0
dx 3 Jdw,(l,) :_dW3(I3)
W1(|1):O dx dx (2)
WZ(0)=0 dez(Iz):dZW3(l3)
2. 1AW (L) _dw,(0) dx* dx*
dx dx W,(0)=0
d®W, (1) d*w,(0) 4 dW, () _
e dx? x>
where, the mode shape function or normal mode of span can be expressed generally:
W, (x, )= A sin(a,x )+ B, cos(a,x, )+ C, sinh(a, x, )+ D, cosh(a,x;) €))

where i is the boundary and continuity conditions of the i span, i.e. i = 1, 2, 3 represents the number of spans.
The integration coefficients: A;, Bi, Ci, D are determined by solving the system of equations (2). For a certain

configuration of the continuous beam between two consecutive supports, the notations (4) are introduced which
have a constant value:

sin(a,l,)—sinh(a,l,)
cos(a,l,)—cosh(a,l,)
;'): E Z: :1 ; _ z‘(:‘;;]((zn:;l)) [cos (a,l,)+cosh(a,l, )]
Zy :1—COS(an|2)COSh(an|2)
(2-3) {Z,, =cos(a,l,)sinh(a,l,)-sin(a,l, cosh(a,1,) @
Z,, =2sin(a,l,)sinh(a,l,)

Z,, =cos(a,l,)—cosh(a,l,)+ [sin(ayl,)+sinh(al,)]
(1-2)

Z,, =sin(a,l,)+sinh(a,l)-

Z, = cos(anl3)—sflLa”l3)cosh (a,l)

(3-4) sinh(a,l;)

Z, =2sin(a,l,)

Finally, the frequency equation (5) is obtained, whose solution represents eigenvalues an, for a continuous beam
with three spans:

(le : ZZl + Z11 : Zzz)' Zaz + (le : Zzz + Z11 : Zzs)' Z31 =0 (®)
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In this form, relation (5) represents the generalized expression of the frequency equation for continuous beams
with three openings for any type of support at the ends.

When using the relation (5), the boundary conditions at the ends of the beam must be taken into account,
respectively the type of considered support, in other words, the constants Zi2, Z2», Z31, Z32 will be customized for
each type of support.

3. MODE SHAPE EQUATION AND INTEGRATION CONSTANTS

By solving the system (2), the integration constants (6) are obtained and the modal functions (7) for each span, as
continuous functions for the whole structure.
A= A 7 cos(a,l,)—cosh(a,l,) +Z, sinh(al,)
~ sin(a,l,) -sinh(a,l,)| ¥ 2 . "
z (6)
B. - A2
2 =A
C,=A-Z,-A
A = A ,212'221"'211'222
sin(a,l,)—sinh(a,l,) Z,

sin(a,l,)-sinh(a,,)
cos(a,l,)—cosh(a,l,)
W, (x,) = A, sin(a, x,) + B,[cos(a, x,) — cosh(a, x,) |+ C, sinh(a, x,)

sinh(anx3)}

Wi(x) = A{Sin( a,%,) —sinh(a,x,) ~ [cos(a,x,) —cosh(a, Xi)]}

()

sin(a,l;)

sin(a,l;)

W, (%) = A{sin(anxs)—

with:
x elo, L] %, elo, L]; x €lo, 1] and,
constant A; is chosen so that the mode shape function is normalized (+1) for the entire continuous beam.

4. ANALYSIS OF THE INFLUENCE OF INTERMEDIATE SUPPORTS ON EIGENVALUES

It is considered that the intermediate supports (fig. 1) can be in any position along the normalized continuous
beam (l: + I> + I3 = 1). It is considered that the intermediate supports (fig. 1) may be placed in any position along
the whole length of the normalized continuous beam.

By solving equation (5) for each position of the intermediate supports, in which I, = (0, 1); I, = (l; + the iteration
step); Is =1 — I - I, the eigenvalues for each vibration mode are obtained.

For each vibration mode, the results are integrated in a diagonal matrix whose 3D graphical representation is
illustrated in figures 2 — 7 for the first six vibration mode.

The obtained surfaces presented in figures 2 — 7 gives us a general image on the evolution of the eigenvalues
depending on the position that the intermediate supports can have.
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Figure 2: Eigenvalues evolution for the 1st vibration mode.
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Figure 3: Eigenvalues evolution for the 2nd vibration mode.

Figure 4: Eigenvalues evolution for the 3rd vibration mode.
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Figure 5: Eigenvalues evolution for the 4th vibration mode.
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Figure 6: Eigenvalues evolution for the 5th vibration mode.
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Figure 7: Eigenvalues evolution for the 6th vibration mode.

Knowing the eigenvalues for the continuous healthy beam, we can apply relations linked to the transverse crack
severity and local bending moment in the slice around the crack and can predict the frequencies of the damaged
beam [10]. However, a precise frequency estimation is necessary if damage detection is performed on real
structures, thus advance estimation method have to be involved [11].

5. CONLUSIONS

The paper presents a generalized relationship (5) for the calculation of eigenvalues for a continuous beam with
three spans regardless of the type of support considered. For example, in the present paper the case of the
continuous beam clamped at one end and hinged at the other was chosen.

For this analyzed case, the relations that allow the calculation of the integration coefficients (6) are presented, as
well as the modal functions that describe the vibration mode shape (7).

The influence of the position of the intermediate supports on the eigenvalues, when they can be placed in any
position on the opening of the continuous beam is illustrated by a 3D representation, for the first six modes of
vibration.

For particular cases, when |, —0 and |, — 0, the continuous beam with three spans behaves like a beam

clamped at the left end and hinged at the right end; when |, -0, |, > 1, or I, -1, |, -1 the continuous beam
with three spans behaves like a beam clamped at both ends.
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Knowing the analytical expression of the modal function, it is easy to obtaine the mode shape curvature function,
on which depends the establishment of the location of a damage on the beam [8, 9, 10], in case of its appearance.

REFERENCES

[1] Cao M., Qiao P., Integrated wavelet transform and its application to vibration mode shapes for the damage
detection of beam-type structures, Smart Materials and Structures 17 Art. 055014, 2008.

[2] Saeedi K., Bhat R.B., Clustered Natural Frequencies in Multi-Span Beams with Constrained Characteristic
Functions, Shock and Vibration 18(5), pp. 697-707, 2011.

[3] Sule S., Nwofor T.C., Application of Matrix Iteration for Determining the Fundamental Frequency of
Vibration of a Continuous Beam, International Journal of Engineering Research and Development 4(12), pp.
30-36, 2012.

[4] Ebrahimi F., Advances in Vibration Analysis Research, Published by InTech, Croatia, 2011.

[5] Levinson M., Cooke D.W., On the two frequency spectra of Timoshenko Beams, Journal of Sound and
Vibration 76, 1981.

[6] Ntakpe J.L., Praisach Z.I, Mituletu C.1., Gillich G.R., Muntean F., Natural frequency changes of two-span
beams due to transverse cracks, Journal of Vibration Engineering & Technologies 5(3), pp. 229-238, 2017.

[7] Gillich G.R., Ntakpe J.L., Wahab M.A., Praisach Z.I., Mimis M.C., Damage detection in multi-span beams
based on the analysis of frequency changes Journal of Physics: Conference Series 842(1), 012033, 2017.

[8] Gillich G.R., Praisach Z.l., Hamat C., Gillich N., Ntakpe J.L., Crack localization in L-shaped frames,
Acoustics and Vibration of Mechanical Structures, AVMS-2017, pp. 315-322, 2018.

[9] Gillich G.R., Abdel Wahab M., Praisach Z.I., Ntakpe J.L., The influence of transversal crack geometry on
the frequency changes of beams, International Conference on Noise and Vibration Engineering ISMA2014,
paper ID 666, 2014.

[10] Ntakpe J.L., Gillich G.R., Mituletu I.C., Praisach Z.l., Gillich N. An Accurate Frequency Estimation
Algorithm with Application in Modal Analysis, Romanian Journal of Acoustics and Vibration 13(2), pp. 98-
103, 2016.

71


https://www.researchgate.net/profile/Khodabakhsh-Saeedi-2?_sg%5B0%5D=68xgA4LVav4mDk7VMqL2nIJeVw3utbxwLi-73UTREYuzgXYfBKemlGmMqc5e0rTYLwJjjos.ddLFk6Nw1wiPKTeLKkCaWVRkozGL19InbEPQug4Jwk2t50gM3M2xcdg2ZAshPc7Cg3DwVP-9j6MXPUZ-mV09kw&_sg%5B1%5D=Q7y-UGyN1s2SguVhIcfB6OOCzLSbASfwRKGWjtwWRWGUtWDEy7oTI8vNj70EIUNPQ0H-QS0.anmhT8tGD_jeJgHW5uqwvvZ9uWrfktyMiPSA99ReayaNOpqUXyrqudYAhifrH5YuZg9qXkd-ySwAe9XGL4GoeA

	66-71, PRAISACH_GILLICH_TUFISI_A RELATION FOR CALCULATING THE EIGENVALUES FOR A CONTINOUS THREE-SPAN BEAM WITH CLAMPED-HINGED ENDS.pdf (p.70-75)



