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Abstract:  In this paper is proposed a new approach for motion control of constrained mechanical systems. The methodology for controlling nonlinear mechanical systems has been inspired by recent results in analytical dynamics which is obtained by Udwadia and Kalaba. The Udwadia-Kalaba’s equations of motion are more adequate to model constrained mechanical systems rather than the Lagrange’s equations of motion at least for control purpose. The proposed approach covers most of constraints including holonomic and nonholonomic constraints.
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1. INTRODUCTION 
Numerous papers have been published on the control of mechanical systems with holonomic constraints [10]. 
On the other hand, control of mechanical systems with nonholonomic constraints is investigated somewhat recently and relatively small number of papers is found in literature [3], [4], [10]. Furthermore, they usually deal with some specific examples. 
Traditionally, Lagrangian mechanics is adapted for the modeling of mechanical systems with holonomic or nonholonomic constraints. It requires the use of Lagrangian multipliers which in turn means force measurement when one needs to feedback the Lagrangian multipliers. It becomes usually a source of uncertainty and is desirable to avoid it in the case of motion control. Control of mechanical systems with nonholonomic constraints and control of mechanical systems with kinematics constraints are investigated recently. 
The last decades have shown an increasing interest in the control of underactuated mechanical systems. These systems are characterized by the fact that there are more degrees of freedom than actuators, i.e., one or more degrees of freedom are unactuated. This class of mechanical systems is abundant in real life; examples of such systems include, but are not limited to, surface vessels, spacecraft, underwater vehicles, helicopters, road vehicles, mobile robots, space robots and underactuated manipulators. Underactuated mechanical systems generate interesting control problems which require fundamental nonlinear approaches. The linear approximation around equilibrium points may, in general, not be controllable and the feedback stabilization problem, in general, can not be transformed into a linear control problem. Therefore linear control methods can not be used to solve the feedback stabilization problem, not even locally. Also, the tracking control problem can not be transformed into a linear control problem. However, it turns out that, under certain conditions, the tracking control problem can be solved by linear time-varying control. There are several methodologies that have been developed to date for the control of nonlinear systems that have tracking requirements and kinematics constraints {12], [13], [17]. 

The methodology that we propose in this paper is inspired by a central result related to the analytical dynamics of constrained motion [14],  [15], [16].
In this paper, the Udwadia and Kalaba’s equation is modified for the motion control design of constrained mechanical systems.
2. UDWADIA-KALABA FORMULATION (UKF).
In a recent series of papers  [15] and in a textbook [14] Udwadia and Kalaba, starting from the Gauss Principle of Least Constraint [8] deduced a new formulation of the dynamics equations of motion for a system of constrained particles or rigid bodies. The main features of this formulation are [5]:
- the equations of motion can be reduced to a system of ordinary differential equations (ODE), even when a redundant set of coordinates is used;

- variations of degrees-of-freedom due to the change of topology or other causes are allowed and do not require special effort in computer programming;

- rheonomic and scleronomic constraints are treated in the same way;

- forward and inverse dynamics problems can be solved within the same tool; 

- easy computer implementation, provided that a subroutine for computing the pseudoinverse matrix is available.

The above features make the formulation very attractive. In fact, one of the shortcomings associated with the use of a redundant set of coordinates is the integration of a mixed system of differential-algebraic equations (DAE). These systems are different from ordinary differential equations (ODE) and require specialized numerical methods for their solution. A fundamental step of the Udwadia-Kalaba (UKF) formulation is the computation of the Moore-Penrose [6], [7], [9], [16]. generalized inverse or pseudoinverse matrix. D. de Falco,E. Pennestri  and L. Vita, [5], Arabyan and Wu [1] investigated numerically the advantages of this formulation.
Main results of the method of Udwadia and Kalaba are briefly reviewed in this section for later use.

Consider first an unconstrained multibody system whose configuration is described by the n generalized coordinates
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The system equation of motion can be obtained, using Newtonian or Lagrangian mechanics, by the relations
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where the 
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The generalized acceleration of the unconstrained system, which we denote by the n-vector a, is then given by
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Suppose that the system is subjected to h holonomic constraints of the form 
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And 
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nonholonomic constraints of the form
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These constraints encompass all the usual holonomic and nonholonomic constraints (or combinations thereof) to which the multibody system may be subjected. We note that the constraints may be also explicit functions of the time and that the nonholonomic constraints may be nonlinear in the velocity components. Under the assumption of sufficient smoothness, we can differentiate equations (3) twice with respect to time and equations (4) once with respect to time to obtain the consistent equation set
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where the constrain matrix A is a known 
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 matrix and b is a known m- vector. It can be seen that (5) includes

holonomic, nonholonomic, and many other kinds of constraints.

The presence of the constraints (5) imposes additional constraint forces on the multibody system that alter its acceleration, so that the explicit equation of motion of the constrained system becomes


[image: image13.wmf])

t

,

q

,

q

(

Q

)

t

,

q

,

q

(

Q

q

)

t

,

q

(

M

c

&

&

&

&

+

=


(6)
where n -vector 
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 represents the generalized constraint forces. The additional term Qc on the right-hand side arises by virtue of the imposed constraints prescribed by equations (5).

The main result of Udwadia and Kalaba [14] is the derivation of the explicit equations of motion under constraints (5) as
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or
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where the 
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and 
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The second main result is the derivation of the force of constraint Qc by the equation
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Equation (6)-(10) give the explicit equation of motion of the constrained system in terms of the quantities M, A, Q, and b.
Since the Moore-Penrose inverse of a matrix, 
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When B is a square matrix with full rank, then its pseudoinverse coincide with the inverse.
The Moore-Penrose pseudoinverse matrix is associated with the last squares solution of a linear system.

3. MOTION CONTROL OF NONLINEAR  MECHANICAL SYSTEMS - A NEW MODELING METHOD
We consider in this paper an n- degree-of  freedom mechanical system described by the Lagrange’s equations as


[image: image30.wmf]t

=

+

)

t

,

q

,

q

(

D

)

t

,

q

(

M

&

  
(11)
where n—vector 
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 is the external forcing term.

Suppose that the system is under the constraints
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where 
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  is an m​-vector, 
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 are C1 . The set (12) may contain relation that is integrable and/or non-integrable.
The external forces,
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, are used to control the system. The basic problem is to find a function 
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 in some class so that solutions to equation (11) have some desired properties, while observing the constraint for all 
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Physically one may not always be able to measure the full state of the mechanical system. In this situation the function
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must only depend on the observable variables. For now, we will consider the case when all variables may be observed. This is referred to as full state feedback control.
The constrain (12) can be expressed in form (5) by differentiating it with respect to time. We obtain
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Therefore from equations (5) and (13) we give
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In order to use the Udwadia - Kalaba formulation (UKF) we rewritten the constrained mechanical system (11)-(12) in the form (2) and (5).
The unconstrained equation (11) can be rewritten as 
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From (2) and (15) we give
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So, in the Udwadia-Kalaba formulation (UKF), a mechanical system (11) which is to be controlled under the constraints ( 12) is represented like equations (14) and (15). 

From equations (8), (14) and (15) we obtain
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or
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where 
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The equation (18) represents the new explicit dynamics equation of the constrained mechanical system. The right-hand side is the control with new input matrix. 

Application of  (10) to the system (14)-(15) gives
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or
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From equation (20) we can control the generalized constraint force.

4. CONCLUSION

Based on the recent results from analytical dynamics, Udwadia-Kalaba approach, this paper develops a new method for motion control of constrained mechanical systems. By this methodology we can control mechanical systems with nonholonomic constraints and non-ideal constraints, too. We obtain the explicit equation of controlled motion and we can see explicitly how the input is affected due to presence of constraints.
The approach requires very little computation compared with standard approaches. So, this control method is useful for online real-time control of nonlinear systems.
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